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Abstract. We construct an algorithm that lists all closed essential surfaces in 
the complement of a knot that lies on the fiber of a trefoil or figure eight knot. 
Such knots are Berge knots and hence admit lens space surgeries. Furthermore 
they may have arbitrarily large hyperbolic volume. Using this algorithm we 
concoct large volume Berge knots of two flavors: those whose complement 
contains arbitrarily many distinct closed essential surfaces, and those whose 
complement contains no closed essential surfaces. 



1. Introduction 

Given any knot, it is an interesting problem to determine all closed essential 
surfaces in its complement. Understanding such surfaces in the complement of a 
knot may give insight into properties of the knot itself. 

In pQ and we show that among the known knots with lens space surgeries, 
the Berge knots [3], only those that lie on the fiber of a trefoil or the figure eight 
knot may have complements with arbitrarily large hyperbolic volume. The question 
of whether the presence of certain essential surfaces in the complements of these 
large volume Berge knots correlates to this schism motivated this present work. We 
answer this question in the negative. 

Let K,„ be the collection of knots that lie on the fiber of the left handed trefoil. 

Corollary 111.41 There exist arbitrarily large volume knots in IC V with arbitrarily 
many distinct closed essential surfaces in their complements. 

Corollary 111.61 There exists arbitrarily large volume knots in IC V with no closed 
essential surfaces in their complements. 

Similar results hold if JC n is the collection of knots that lie on the fiber of the 
figure eight knot. 

These corollaries come from combining results of £Q with the following main 
result from this paper. 

Theorem llO.il f Short version). Let L be a knot in JC V whose slope has continued 
fraction expansion [b±, 62, . . . , 6fe]. Assume the signs of the coefficients alternate, 
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\bi\ > 2 for each i, and b\ ^ 2. Then every closed essential surface in the comple- 
ment of L corresponds to a solution of the following equation: 



where I and J are subsets of {1, ... ,k} each not containing consecutive integers 
and 1 £ J H J. 

Furthermore, in Proposition 18.31 wc show that if S is a closed essential surface 
in the complement of L G IC^, then there is either a longitudinal annulus or a 
meridional annulus between S and L. If there is a longitudinal annulus, then S 
bounds a handlebody in S 3 containing L. If there is a meridional annulus, then S 
does not bound a handlebody. 

1.1. Outline of Theorem 110.11 The knots of interest here lie on the fiber of a 
trefoil or the figure eight knot. Perhaps it is better to conceive of them as lying on a 
once-punctured torus page of an open book. By assuming a closed essential surface 
in the complement of one of these knots has been isotoped to intersect the binding 
(i.e. a trefoil or figure eight knot) minimally, we may exploit the fibration of the 
complement of the binding to get a grasp on the surface. Indeed, this fibration is 
just a once-punctured torus bundle. 

Culler, Jaco, and Rubinstein 0] as well as Floyd and Hatcher jS] have developed 
algorithms that list all properly embedded incompressible surfaces in any given 
oricntablc once-punctured torus bundle. For our purposes we study properly em- 
bedded surfaces in once-punctured torus bundles that are disjoint from a non-trivial 
level curve (i.e. an essential simple closed curve on a fiber) and incompressible in 
the complement of this level curve. To do so, in Sections |21 and 0] we adapt @] to 
accommodate the presence of such a level curve. This leads us to Algorithm 16.11 
which lists all so-called twisted surfaces in a given once-punctured torus bundle 
that are essential in the complement of a given level curve. These twisted surfaces 
contain all surfaces that serve our ultimate purpose. 

Since we are primarily concerned with surfaces in once-punctured torus bundles 
whose boundaries are meridional curves of bindings of open books, in Section [5] we 
retool the discussion on framings of once-punctured torus bundles in 0j to more 
readily detect when these twisted surfaces have meridional boundary components. 
Thereby Algorithm 16.21 extends Algorithm 16. II to list only those surfaces with the 
desired meridional boundaries. 

In Section [7| we show that the same conditions which imply twisted surfaces 
with meridional boundaries are essential in the complement of level curves ensure 
that the corresponding capped off surfaces in the open book remain incompressible 
in the complement of the level curve when the binding is filled in. In Section 03 
we examine the complements of these closed surfaces and their relationship to the 
knot. 

In Section [5] Algorithm 19.11 streamlines these algorithms for the Berge knots 
that lie on the fiber of a trefoil or the figure eight knot. We then give examples of 
direct applications of these algorithms. This streamlined algorithm and its following 
examples exhibit the process by which the equation of Theorem 110. II is obtained. 
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Figure 1. The once-punctured torus T. 

1.2. Acknowledgements. The author wishes to thank John Luecke for his direc- 
tion an many useful conversations. 

2. Preliminaries 

A simple closed curve on a compact surface is essential if on the surface it neither 
bounds a disk nor is isotopic into the boundary. A properly embedded surface in 
a compact 3-manifold is essential if it is incompressible, (^-incompressible, and not 
9-parallel. A compact 3-manifold that contains no closed essential surfaces is called 
small. 

2.1. The once-punctured torus, SL2(Z), and bundles. We recall some nota- 
tion and terminology of 0]. 

Let T be the once-punctured torus shown (with the appropriate identifications 
of edges) in Figure ^ Also shown are the oriented simple closed curves a and b and 
arcs a+, a_, 6+, and &_. Orient T so that a -b = +1. 

Let a and /3 be the left-handed Dchn twists along a and b respectively. Then a 
and /3 generate the group Tt + (T) of orientation preserving homcomorphisms up to 
isotopy. This group is naturally identified with the group of orientation preserving 
homomorphisms of Hi(T), namely SL2(Z). Assuming H%(T) is generated by [a] 
and [b], this identification is done by 

a h-> A = (I ~M and (3 h-> B = . 

These two matrices generate SL2(Z). The two matrices 

P =(°1 ~qJ = BAB and Q = (_\ J) = B^A- 1 
also generate SL2(Z). This gives the presentation 

SL 2 (Z) = (P,Q\P 2 = Q 3 = -I). 

Note that P is identified with the isotopy class of the homeomorphism of T 
that is induced by rotating Figure H by ^. 

If 77 is an orientation preserving homeomorphism of T, then we may form the 
once-punctured torus bundle 

M = T x I/ n 

defined by identifying T x {1} with T x {0} of T x I by (x, 1) ^ (?](x), 0). 
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(a) The diagram D. (b) The edge-path -EW-i] • 



Figure 2. 

If we express r\ as a composition of such homcomorphisms 7/ = r\ n r\ n -\ ■ ■ -?72^i, 
then M may be divided into blocks as 

M = T x 7/ m T x I/ V2 . . . /, ln _ 1 T x //„„ 

where T x {1} of the ith block is identified with T x {0} of the i + 1th (mod n) 
block according to (x, 1— > (^(x), 0) i+ i. 

If if; G SL2(Z) is identified with the isotopy class of the homcomorphism rji, 
then M has characteristic class [H n H n _i . . . H2H1]. 



2.2. Continued fractions. We define a continued fraction expansion \b\, 62, ... , bk] 

[bi,b 2 , ...,b k ] = 



of - as follows: 
q 



P 

q 



1 



1 

"'~h 

where bi G Z for i = are the coefficients. For each i = l,...,k, the 

ith partial fraction of [61, 62, ■ ■ ■ , &fc] is [b\, b 2 , ■ ■ ■ , bf\. The 0th partial fraction the 
continued fraction [ ] which represents 0. 

A rational number has many continued fraction expansions. We say [61, 62, ■ ■ ■ , bk] 
is a minimal continued fraction expansion (MCFE) for ^ if \bi\ > 2 for all i = 
l,...,n. In order for ^ to have a MCFE, it must be that |^| < 1. We say 
[61, 62, ... , bk] is the simple continued fraction expansion (SCFE) for 2 if the coef- 
ficients alternate signs, \bk\ > 2, and 6i ^ for i > 2. Though continued fraction 
expansions are not unique, the Euclidean algorithm gives each rational number £ 
a unique SCFE. Furthermore, the SCFE for ^ has as its first coefficient if and 
only if 1 2 1 > 1 (see Lemma 12.111 . 

Let T> be the Farey Diagram shown in Figure^a). T> is a disk with the extended 
rational numbers marked on its boundary. An edge joins vertices % to § if and only 
if ad — be = ±1. The edge from | to t is the "long" edge of the triangle whose 
third vertex is 
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1/0 t&l] 62,63] [bi,b 2 ,...,b k ] 




Figure 3. The subcomplex of V associated to a SCFE. 

We utilize the connections between T>, SL 2 (Z) , and continued fraction expansions 
in the vein of Floyd-Hatcher [^j and Hatcher-Thurston [7j and borrow some of their 
terminology. One may also look to Kirby-Melvin jS] for a more thorough treatment 
of these connections. 

Let [b] denote the continued fraction [b\, . . . , An (oriented) edge-path = 
{eo, ex, e2, . . . , efc} from i to 2 corresponds uniquely to a continued fraction expan- 
sion [bi , 62, • • • , frfc] for - where eo is the edge from i to j and the end points of 
each edge a are the partial fractions j—j = [61, ... , and 21 = [b\, . . . , bi]. At 
the vertex ^—j, facing inward, the edge is \bi\ triangles apart from ej_i, to the 
left if bi < and to the right if bi > 0. If bi = the edge ei retraces the edge ej_i. 
Figurc^b) shows an example of the edge-path corresponding to [2, —1]. 

An edge-path E m associated to a MCFE [m] is a minimal edge-path. This edge- 
path is minimal in the sense that no triangle of V has two consecutive edges of Em 
on its boundary. 

Minimal edge paths from 7; to - are contained in the finite subcomplex Ev of 
T> comprised of the edge-path associated to the SCFE [01, 02, . ■ . , a;] for £ and the 
triangles between its edges. See Figure |3J Observe that a minimal edge path may 
only involve the heavier edges of the larger triangles. As noted in |7j, the number of 
minimal edge paths from i to ^ (and hence the number of MCFEs for ^) is finite. 

The following two lemmas will be used in i llQI 

Lemma 2.1. Let [b] = [b u b 2 , . . . , h] be the SCFE for £ ^ ±1. If h ^ then 
|2|<1 and sgn(|)=sgn(6 1 ). Ifb x = then ||| > 1 and sgn(f) = - sgn(6 2 ). 

Proof. This is immediate when one considers the edge-path in T> associated to a 
SCFE. □ 

Lemma 2.2. If the three final partial fractions pi/ qi, pi~i/qi~i, andpi-2/qi-2 of 
[ffll, . . . , a;_2, a;_i, aj] egwaZ i/ie three final partial fractions rk/sk, rk~i/ Sk-i, and 
r/._ 2 /sfc-2 0/ [61, ... , 6/._2, bk-i, bk] respectively, then ai = b k - 

Proof. The three final partial sums determine the final two edges of the associated 
edge-paths. With these partial sums equal, the two edges are the same, and hence 
they have the same number of triangles between them. This number is the final 
coefficient a/ = bk- □ 
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2.2.1. Relating continued fraction expansions. Let [a] = [ai, 02, . . . , a{\ and [b] = 
[61, 62, ... , bk] be two continued fraction expansions for the same rational number. 
Then [a] may be obtained from [b] by a finite sequence of the following elementary 
moves and their inverses: 

(CF1) [...,r,s,...] ^ [...,r±l,±l,s±l,...], 

(CF1') [-..,r]~ [...,r±l,±l], 

(CF2) [...,r + s,...]^[...,r,0,s,...], 

(CF2') [...,r]~[...,r,8,0]. 



These may be understood via the corresponding moves on edge-paths Ea and E Q . 
Note that (CF2') may be obtained from the other three moves. 

Let [a] = [oi,o 2 , ...,a k ] be the SCFE for 2. Then any MCFE for | may be 
obtained from [a] by a sequence of moves on non-adjacent coefficients a,; 7^ of [a] 
of the following forms 

(M) [. . . ,aj_i,ai,a i+ i, . . .] i-> [. . . ,a,_i ± 1,±2,±2, . . . , ±2,a i+ i ± 1, ...], 

" * ' 

k<-i| 

for i ^ 1 or k and 

(M') [...,a k - u a k ] ~ [...,a fe _i±l,±2,±2,...,±2l. 

V v ' 

\au— 1| 

When (M) or (M') is applied to a coefficient aj = ±1, it is tantamount to applying 
the inverses of the move (CF1) or (CF1') respectively. We use the "+" if Oj < 
and the "— " if a, > 0. The moves (M) and (M') may be obtained as repeated 
applications of move (CF1) together with one application of move (CF1') for (M'). 
Again, these may be understood via the corresponding edge-paths. 

Lemma 2.3. Assume [6] = [61, ... , 6&] is a SCFE for 2 and [a] — [oi, . . . , ai] is a 
MCFE for |. lj- a = [6, N] = [a, TV'] /or integers N and N' , then either TV' = TV 
or TV' = TV - sgn(fcfc). 

Proof. Consider the edge-paths in 2? corresponding to these two continued fraction 
expansions of -. Since both of these continued fractions have the same penultimate 
partial sum of 2, their edge-paths E^ N and Ea,N' share the same final edge. The 
integers TV and TV' describe how far apart are the final edges of E^ N and Eq,,n' 
from the final edges of E^ and Ea respectively. 

Because any MCFE for a rational number is obtained from its SCFE by a se- 
quence of moves (M) and (M'), the final edges of E^ and Ea either coincide or are 
distinct edges of a triangle in V. If these edges coincide, then TV = TV'. If the edges 
are distinct, then as apparent from Figure the final edge of Ea is a — sgn(6fc) 
triangle apart from the final edge of E Q . Thus TV = TV' — sgn(6fc). □ 

2.2.2. Coefficient sums and lengths. If [6] = [61,62, ■ ■ - ,bk] is a continued fraction 
expansion, then o~(b) = X)i=i b% ^ s the coefficient sum of [&]. 



SURFACES IN THE COMPLEMENTS OF LARGE VOLUME BERGE KNOTS 



7 



Lemma 2.4. Assume [b'] is obtained from [b] by an elementary move. Then the 
coefficient sums differ as follows: 

!±3 if [b'] is obtained by (CF1 ), 
±2 if [b'} is obtained by (CF1 '), 
if [b'} is obtained by (CF2). 

The difference varies if [b'] is obtained from [b] by move (CF2'). 

If [b'\ is obtained from [b] by move (M) at bi for 1 < i < k or move (M') at b k , 
then 

!—2>bi if ' i ^ fc, 
-ib k + l ifb k >0, 
-3b k -l ifb k <0. 

Proof. The proof is immediate. □ 

If [b] = [b±, &2, • ■ ■ , b k ] is a continued fraction expansion, then 1(b) — k is the 
length of [b] . 

Lemma 2.5. Assume [b'] is obtained from [b] by an elementary move. Then the 
lengths differ as follows: 



£(b')-£(b) 



1 if [b'} is obtained by (CF1 ) or (CF1 '), 

2 if[b'} is obtained by (CF2) or (CF2'). 

Also if [b'] is obtained from [b] by move (M) or (M') at bi then 

t{b')-l{b) = \bi\-2. 
Proof. The proof is immediate. □ 
2.3. SL2(Z) and continued fraction expansions. 

Lemma 2.6. Let W = ( X * ] e SL 2 (Z). Then 



(1) 



W = ±B ni A n2 ...B n * | = [m, n 2 , . • • , n fc ] 

or if and only if and 
W = ±BABA ni B n2 . . . B nk I = [ni,n 2 ,...,n A! _ 1 ] 

and 

(2) 

W = ±B ni A 712 . . . A nk z = [m, n 2 , . . . , n k -i] 

or if and only if and 
W = ±BABA ni B n2 . . . A nk I = [ni,n 2 ,...,n k ]. 



Proof. The proof is straightforward. □ 

fx t \ 

Lemma 2.7. Let W = G SL 2 (Z) and - = Ini, n 2 , . . . , n k \. Then 

\ y u J v 

depending on the parity of k, 

W = ±B ni A n2 . . . B nk A N or ± BABA ni B n2 . . . B n "A N 
for some N G Z. 
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Proof. Let Wo = ( X | where — is in lowest terms, has continued fraction 
1 \V u J 

expansion [ni,ri2, ■ ■ ■ , n>k-i] and the signs of to and uq are chosen so that Wo G 

SL 2 (Z). Then 



W _1 W 



uq -to \ / x t 
-V x J \ y u 

1 tu -Ut \ _ Av,t -tu 

o i ) - A 

Thus W = WqA n where N = uto — tuQ. Applying Lemma f2. 61 to Wq finishes the 
lemma. □ 

Assume W G SL2(Z) may be expressed as 

W = P J C nk . . . B 7l2 A ni 

where \rii\ > 2 for i = 2, . . . , k such that if k is odd then J £ {0, 2} and C — B, 
and if k is even then J G { — 1, +1} and C — A. We call such an expression for W 
a special form. Contrast this with the special forms as defined in 0] . 

Lemma 2.8. W = ^ ^ * J G SL 2 (Z) has a special form P J C nk . ..B ri2 A ni if 
and only if ^ has MCFE [n^, . . . , 712] ■ 

Proof. This is a consequence of Lemmas 12.61 and 12.71 □ 

2.4. Curves on the once-punctured torus. Let K, be the set of isotopy classes 
of unoriented essential simple closed curves on the once-punctured torus T . If c G K, 
then, after choosing an orientation for c, [c] = p[a] +q[b] G Hi (T) for relatively prime 
integers p and q. Since c with the opposite orientation has homology — p[a] H — q[b], 
we may then identify the members c G K, with Q U 00 via the correspondence 
ch p/g. These isotopy classes and their corresponding rational numbers are called 
slopes. 

Lemma 2.9. Let K G /C Ziawe s/ope -. TTien 2 has a continued fraction expansion 
[r n , . . . , T2, r{\ of odd length if and only if 

K = f3 r " o ■• • oa r2 o /3 ri (a). 

Proof. Assume [r n , . . . , T2, r{\ is a continued fraction expansion for 2 of odd length. 

Let W G SL2(Z) be the change of basis matrix W = \ , 1 where ^ = 

\ q q J q 

[r n ,...,r 2 ]. Since n is odd, by Lemma 1231 W = ±B r ™ . . . A r ^B ri 

Via the correspondence between Hi(T) and homeomorphisms of T, we have that 

up to an orientation on K 

since [K] = W[a]. Because a N (a) = a, 

K = /3 r " o ■• • oa r2 o /3 ri (a). 
These steps all reverse for the other implication. □ 
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Figure 4. The twisted saddle C a ,+2 with level knot a x {e}. 
Remark 2.10. If 

K = a r " o---oa r2 o/3 ri (a), 

then 

K = 0°oa r " o-o ft r! of(«). 
Hence the slope of K has the continued fraction expansion [0,r„, . . . , r2,ri]. 

3. Twisted surfaces 

Wc begin by describing a certain type of surface in once-punctured torus bundles 
that may be disjoint from a level knot. Much of the terminology and methods used 
here are borrowed or adapted from 0|. 

3.1. Construction of twisted surfaces. Here we follow parts of g] §2]. We 
describe the so-called twisted surfaces in a once punctured torus bundle that are 
disjoint from a given essential level knot. We then prove when they are essential. 

To describe the entire gamut of essential surfaces in once-punctured torus bun- 
dles, Culler-Jaco-Rubinstein begin by listing several kinds of surfaces embedded in 
T x [0, 1]. For our purposes we need only to discuss the twisted saddle surfaces C a , n 
and Cb, n (cf. gj §2.1]). The surface C a ,„ embeds in T x [0, 1] - N(a x {e}) where 
e > (so that a x {e} is a slight upward push-off of a x {0}). See Figure 0] 

As in gl §2.5], let n(l), n(2), . . . , n(k) be integers and J G { — 1, 0, 1, 2} have the 
same parity as k. Consider the bundle 

M = T x // a „(i) T x 7/^(2) . . . T x J/ 7 „ W T x I / ^ 

— T X J/^J 7 n(k) i>> 0n(2) a n(l) 

where 7 = (3 if k is even and 7 = a if k is odd. As written, M contains k + 1 
blocks, but we will often consider the k + 1st block as part of the fcth block. Let 
L = a x {e} in the first block of M for small e > be the level knot at hand. We 
may actually think of L as being a x {0}, but it is useful to have L not on a fiber 
along which blocks of M are glued. 

Construct the surface R by putting twisted saddles in the first k blocks of M, 
C a ,n(%) if i is odd and C^^^ if i is even, and the vertical disks a± x I or b± X I in 
the (k + l)th block of M. These surfaces fit together to make a properly embedded 




Figure 5. "Pushing" a 2 through C& ;+2 




connected surface R which is disjoint from L. R is orientable if k is even and 
non-orientable if k is odd. 

For an example of how these twisted saddles fit together to give a properly 
embedded connected surface, consider 

T x I/cpT x I. 

View this as two blocks of a once-punctured torus bundle joined together by the 
homeomorphism a 2 . Let the first block (the lower one) contain a copy of C a . + 2 ( a s 
in Figure 0] without L) and the second block contain a copy of Cb,+2- To attach, 
we "push" the homeomorphism a 2 through the second block as in Figure |SJ Since 
a 2 {Cb,+2) n (T x {0}) now coincides with C a ,+2 fl(Tx {1}), we may join the blocks 
together to get Figure El 

As in 0] §2.5], define the twisted surface C(J; n(k), . . . , n(l)) to be R if k is even 
and dN(R) if k is odd. As noted in g): 

• the surface C(0; n(fc), . . . , n(l)) has genus hk — 1 and four boundary com- 
ponents each of which intersects the fiber exactly once, 
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• the surface C{2] n(k), . . . , n(l)) has genus \k and two boundary compo- 
nents each of which intersects the fiber exactly twice, and 

• the surfaces C(— 1; n(k), . . . , n(l)) and C(+l; n(k), . . . , n(l)) both have genus 
k and two boundary components each of which intersects the fiber exactly 
four times. 

Let S and S' be properly embedded connected orientable surfaces in once- 
punctured torus bundles M and M' respectively that are disjoint from essential 
level knots L and L' respectively Then we say S and S' are of the same type if 
there is a bundle equivalence from M to M' that maps S to S' and L to V (cf. 0] 
§2.6].) If the bundle M contains a surface of type C( J; n(k), . . . , n(l)), then M has 
the characteristic class 

[P J B n ^ . . . B n ^A n ^]. 
3.2. Essential twisted surfaces. 

Proposition 3.1 (cf. Proposition 2.5.1, 0j). Let J, n(l), n(2), . . . , n(k), L, and 
M be as above. The surface C(J;n(k), . . . , n(2),n(l)) is essential in M — N(L) if 
and only if \n(i)\ > 2 for i = 2, . . . , k. 

Proof. We cite the proof of 0] Proposition 2.5.1] and show only the parts where we 
must diverge. 

Let M be the cyclic cover, corresponding to the fiber, of the bundle 
M = T x I/ anW T x I/pnw ...Tx . 

Let L be the inverse image of L under the covering projection and 

S C M — N(L) c M 
be a component of the inverse image of 

C(J; n(k), n(l)) C M - N(L) C M 
under the covering projection. As noted in U, it suffices to show that S is incom- 
pressible in M — N(L). Furthermore M is divided into blocks which are inverse 
images of the blocks of M, and each block in M meets S in one disk as in Figure 
4]. Let F be the union of the fibers along which the blocks in M are joined. 

Consider the family of all compressing and boundary compressing disks for S in 
AI — N(L). This is equivalent to considering the family of compressing disks for S in 
M that are disjoint from L. By 0] Proposition 2.5.1], the family of all compressing 
and boundary compressing disks for S in M (disregarding L) is non-empty if and 
only if \n(i)\ < 2 for some i = 1, . . . , k. 

Among the disks in this family, consider one that has minimal intersection with 
F. From the proof of Proposition 2.5.1, such a disk is contained in the solid torus 
formed by cutting two adjacent blocks of M along S and joining two of the resulting 
solid torus components along the annulus of their common intersection with F . If 
the two blocks are preimages of the (i — l)th and ith (modulo k) blocks of M under 
the covering projection, then \n(i)\ < 2 if and only if such a disk exists in this solid 
torus. The disk is isotopic to a meridional disk of the solid torus and non-trivially 
intersects the core of the solid torus. If n(i) = 0, then the disk is a compressing 
disk. If n(i) = ±1, then the disk is a boundary compressing disk. In the case that 
i = 1, a component of L is isotopic to the core of this solid torus (since it is isotopic 
to the core of the gluing annulus). Thus it will non-trivially intersect the disk. □ 



12 



KENNETH L. BAKER 



3.3. Classification of essential twisted surfaces. A given once-punctured torus 
bundle with an essential level knot may contain several surfaces essential in the 
complement of the level knot which all have the type of a twisted surface. We may 
determine when two are in the same isotopy class. This is effectively done in 0] 
§4.1]. 

Recall that if M is a fiber bundle, then an isotopy of M which is a bundle 
equivalence at each time is called a bundle isotopy. 

Proposition 3.2. Let M be a once-punctured torus bundle containing surfaces S 
and S' of types C(J;n(k), . . . ,n(l)) and C(J';m(k'), . . . ,m(l)), respectively, that 
are disjoint from an essential level curve L. Then S and S' are isotopic in the com- 
plement of L if and only if k = k' , J = J', and (m(fc), . . . , m(l)) = (n(k), . . . , n(l)). 
Moreover there is a bundle isotopy taking (S,L) to (S',L). 

Proof. This follows directly from the proof of Proposition 4.1.3]. Note that 
because of L, we have that (m(fc), . . . , m(l)) and (n(k), . . . , n(l)) are related by 
equality rather than cyclic permutation. □ 

We now relate essential twisted surfaces in a based once-punctured torus bundle 
to certain expressions of the bundle's characteristic class. 

Proposition 3.3. Let M = T X L / v be a once- punctured torus bundle containing 
an essential level curve L C T x {0}. Assume r/ is identified with H £ SL2(Z). 
Then for each element W £ SL2(Z) such that W[a] = [L], if W~ X HW may be 
expressed as a special form 

p J A n(k) ...£ n ( 2 )A n(1) , w here J G {+1,-1} and \n(i)\ > 2 for i = 2, . . . , k 

or 

p.J B n(k) _ B n{2) A n{i)^ wher£ j g r Q) 2 } a nd \n(i)\ > 2 for % = 2, . . . , k 

then there is a properly embedded essential surface in M—N(L) of type C( J; n(k), . . . , 

Proof. Let ui be the homcomorphism of T associated to W. Thus W[a] = [oj(a)]. 
Then to naturally extends to a bundle equivalence 

cj: M' = T X // u - lo , ou -> M = T x //„ 

such that uj(a) = L. If W~ 1 HW may be expressed as the special form P J . . . B n ( 2 >A n ( 
then 

u- 1 oj ) ow = ^...f(VW. 

Thus 

M =T X I/u-iovou — T x 1 1 ^ ... pnW a«(i)i 

and so M' contains the twisted surface C(J; n(k), . . . , n(2), n(l)). Since P J . . . B n ^A 
is a special form, |n(i)| > 2 for i = 2, . . . , k. Hence by Proposition 13.11 the sur- 
face C( J; n(/c), . . . , n(2), n(l)) is essential in the complement of a x {0}. Therefore 
u(C(J; n(k), . . . , n(2), n(l))) is an essential surface in M—N(L) = u(M')—N(w(a)) 
of type C(J;n(fc),...,n(2),n(l)). □ 

Together, Propositions 13.21 and 13.31 imply 

Theorem 3.4. Let M, L, and H be as above. The essential surfaces in M — N(L) 
with the type of a twisted surface are in one-to-one correspondence with special 
forms of conjugates W~ X HW of H where W <G SL 2 (Z) such that W[a] = [L\. 
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4. Structure of surfaces 

This section closely follows 0] §3] . Many of their arguments are easily modified 
to accommodate the presence of an essential level knot L in a once-punctured torus 
bundle M. Parts that do not involve L will be simply cited. 

Let S be a properly embedded surface in M that is disjoint from L and essential 
in M — N(L). We will say that S is in general position provided that 

(1) each component of dS is either contained in a fiber or is transverse to every 
fiber, 

(2) the projection p : M — > S 1 restricts to a Morse function on the interior of 
S having distinct critical values different from p(L), 

(3) among all surfaces isotopic to S in M — N(L) and satisfying (1) and (2), S 
has the minimal number of index or 2 critical points. 

We may assume that S has been moved by an isotopy with support outside of a 
neighborhood of L to be in general position. The level sets of p\s are the intersec- 
tions of S with the fibers of M. 

Let a: be a critical point. We use the following terms as defined in §3]: level 
arcs, level sets, critical neighborhood of x, and upper and lower level sets of x. We 
then have the following: 

Lemma 4.1. 

(a) (0J Lemma 3.1.1]) Each level arc of S is essential in the fiber containing 
it. 

(b) (01 Lemma 3.2.1]) Either S meets every non- critical fiber only in arcs or 
S meets every non-critical fiber only in simple closed curves. 

(c) (H Lemma 3.2.2]) If both the upper and lower level sets of a critical neigh- 
borhood of a critical point contain an essential closed curve, then these 
curves are isotopic. 

(d) (0J Lemma 3.2.3]) If the lower level set contains two arcs then 

(i) they are parallel, and 

(ii) the upper level set is obtained by a band sum across the annulus com- 
ponent of the complement. 

Proof. All four lemmas follow almost exactly as in 0]. 

One needs for the proof of (b) that M — N(L) is irreducible. This follows from 
the irreducibility of M and that L is non-trivial in its fiber. 

Since critical points of S occur away from L, arguments involving critical neigh- 
borhoods are unchanged. □ 

For the proof of 0J Theorem 3.3.1], the authors employ a lemma due to Haken [Hj. 
For the upcoming proof of Theorem 14. 31 we must alter the lemma to accommodate 
the presence of L. 

Lemma 4.2. Let T be a punctured torus and L be an essential simple closed curve 
in the fiber T x {T} ofTxI. Let R be aproperly embedded, connected, incompressible 
surface in TxI-N(L) such that each component of dR is contained in either dTxI, 
T x {0}, or T x {1} and, in the latter two cases, parallel in its fiber to dT x I. 
Then R is either an annulus, a once-punctured torus, or a torus parallel to dN(L). 

Proof. R is disjoint from Lin Tx I. If R is incompressible in T x I, then it follows 
from |Hj that R is either an annulus or a once-punctured torus. Therefore assume 
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R is compressible in T x / yet incompressible in the complement of L. Thus any 
compressing disk must then intersect L. 

We may assume that L = ax{i}. Then let A a be the annulus a x I, and let 
Ab be the annulus b x I. Note that L is the core of A a and intersects Ab once. 

By standard arguments, we may assume that R has been isotopcd rel-d to min- 
imize both \A a n R\ and |At (~l It follows that A a n i? is a collection of simple 
closed curves on A a that are parallel to the core of A a (and hence L), and that 
At, fl i? is a collection of simple closed curves on Ab that either bound disks in Ab 
that intersect L or are parallel to the core of Ab . 

Case 1. Assume there exists a curve in AbCiR that bounds a disk in Ab. Among 
the curves of Ab fl R that bound disks in Ab, let c be the innermost. Let D c be the 
disk bounded by c. By minimality assumptions, we may assume |c n j4 q | = 2. Thus 
there exists a curve d £ A a n R, such that c fl d ^ 0. Note that d is innermost 
among A a f) R in the sense that if ^4 C / is the subannulus of A a between L and d, 
then 4' n fl = c'. Consider the loop 5 = dN(c Li d) n i? and the subdisk A of 
dN(D c U A c ') that it bounds. Since A is disjoint from L, S must bound a disk, say 
A', in R. Furthermore, note that A' n N(c Li d) = S. Thus R = A' U iV(c U c') 
which is a torus parallel to dN(L). 

Case 2. Assume that there are no curves of AbC\R that bound disks in Ab- Thus 
all curves of Ab D R are parallel to the core of Ab- 

Among the compressing disks for R in T X /, let D be one such that \D n A a \ 
is minimal. Thus D n A a contains no simple closed curve, only arcs. Note that 
D fl A a since D C\ L ^ $. Due to the minimality assumptions on \D fl A a \ and 
\R (~1 A„|, every arc of D fl A Q interesects L transversely. 

Let <i be an outermost arc on D of Df)A a , and let D' be the (outermost) subdisk 
of D cut off by d. Let d! be the arc of dD so that i9D' = dl Lid. The endpoints of d 
lie on curves of A a fl i?, say c and c', that are each adjacent to L. Let A cc i be the 
subannulus in A a between c and c'. Its interior is disjoint from R. 

Consider S = d(N(c Uc'U d') n R) and the subdisk A of dN(A cc > U D') that it 
bounds. Since AflL = 0, 5 must bound a disk, say A', in R. Therefore we have the 
annulus A' U (N(c Uc'U d') fl R) which intersects Ab in an arc r of some component 
c" of Abfli?. Since r connects cP\Ab to c'flAb, c" intersects A a C\Ab at least twice. 
However, since the curves of Ab H i? are parallel to the core, by the minimality 
assumptions on \A a fl R\, |c" n (A a n A fc )| = 1. Thus we have a contradiction. □ 

Theorem 4.3. Let M be a once-punctured torus bundle such that the characteristic 
class of M does not have trace 2. Let L be an essential level curve in M . If 
(S,dS) C (M — N(L),dM) is an essential connected surface in M — N(L) such 
that dS is transverse to the induced fibration on dM , then S is a surface of type 
C(J;n(k),...,n(l)). 

Remark 4.4. One may prove a more general version of Theorem ^. 3\ analogous to 
Theorem 3.3.1] for surfaces in the complement of an essential level knot such 
as L. For our purposes, however, we restrict attention to once-punctured torus 
bundles and surfaces as in the theorem. 

Proof. This proof largely follows the proof of 01 Theorem 3.3.1]. We sketch only 
the parts of their proof that need alterations for the proof at hand. 
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We assume S has been isotoped into general position. By Lemma l4.1f b) (|U 
Lemma 3.2.1]) either S meets every non-critical fiber only in arcs or S meets every 
non-critical fiber in simple closed curves. 

Case 1. S meets every non-critical fiber only in simple closed curves. 

First assume there exists a non-critical fiber F not containing L with S inter- 
secting F in only inessential curves, i.e. trivial or 9-parallel curves. By a further 
isotopy of S, we may assume that the number of such curves is minimal. Thus 
either S PI F = or every component of S fl F is parallel into dF. 

Splitting M along F yields the product T x I and induces a splitting of S. 
Let S' be the surface resulting from splitting S along F . S' is incompressible in 
T x I — N{L), and it follows that every component of S' is just like R in Lemma l4~2*l 
Thus every component of S' is either an annulus, a once-punctured torus, or a torus 
parallel to dN(L). A component of S' cannot be a torus parallel to dN(L) since 
then S = S' . This contradicts the assumption that S is essential. 

By considering the placement of the boundary of a component of S', the mini- 
mality condition imposed on SnF forces two things. Either SflFl = 1 or SflF = 0. 
If 1 5 fl F\ = 1, then S' is an annulus parallel to dT x / and S is a torus parallel to 
dM. If S fl F = 0, then S is a once punctured torus isotopic to a fiber. Neither of 
these may occur as S is not essential in the former and OS is not transverse to the 
fibration in the latter. 

Now assume every non-critical fiber F contains an essential simple closed curve 
component of S fl F. From here, we follow 0] exactly to the conclusion that the 
characteristic class of M fixes the isotopy class of an essential curve. Hence the 
characteristic class of M has trace 2, contrary to assumption. 

Case 2. S meets every non-critical fiber in essential arcs. 

The fiber containing L must have exactly one non-empty family of parallel level 
arcs. This allows us to skip much of Theorem 3.3.1, Case 2j. 

Let F be a fiber in a neighborhood of the fiber containing L. S may only meet 
F in one family of parallel arcs. If S has no critical points, then 5* meets every fiber 
in just one family of parallel arcs. The characteristic class of M must therefore fix 
the isotopy class of an essential simple closed curve and hence have trace 2. By 
assumption, this is not the case. Thus S must contain a critical point. 

The proof completes just as the last paragraph of 0] Theorem 3.3.1]. It follows 
that S is a surface of type C(J; n(k), . . . , n(l)). □ 



5. Framing 

5.1. Review. Let us recall the discussion about framing in 0] §6.2]. We will use 
the definitions and notation (and its abuse) established there. The following is 
paraphrased from that section: 

Fix a base point x £ dT and let a and b be elements of -k\ (T, x) analogous to 
the a and b in Figure Q Let StabQa, b}) be the subgroup of the automorphisms of 
7Ti (T, x) that stabilizes [a, b] and therefore act as identity on dT (i.e. up to isotopy 
fixing x). Elements 7 £ Stab([a, b]) correspond uniquely (i) to homcomorphisms g 
of (T, x) such that <?„ = 7 and (ii) to oriented simple closed curves i 7 swept out 
from x on the boundary of M = Tx I/ g such that t 1 at~ 1 = 7(a) and t^bt" 1 = 7(6). 
Note t 1 is transverse to the fibration, intersecting each fiber once. Together with 
the oriented boundary of a fiber (which is analogous to the standard longitude of 



16 



KENNETH L. BAKER 



a knot in S" 3 ), the curve t 7 defines a basis, or framing, for H\(dM). Therefore we 
have the following definition. 

An element 7 of Stab([a, b]) is a framing for a oncc-puncturcd torus bundle 
M = T x I/ g if = 7. 

If g' is also a homcomorphism of (T, x) that is isotopic (not necessarily fixing x) 
to g, then there exists a bundle equivalence h: T x I / g i — > T x 7/ g . As elements of 
7Ti(T, x), the corresponding framings 7 = and 7' = differ by a conjugation by 
[a, by for some j G Z, i.e. 7~ 1 /i*7'ft.~ 1 is a conjugation by [a,6p. This j describes 
the difference in the number of times t 1 and ty spin around the boundary of the 
fiber. This number j £ Z is called the transition index between 7 and 7'. 

Given a framing for a once-punctured torus bundle, we may describe the bound- 
ary of an essential surface of type C(J;n(fc), . . . ,n(l)) in terms of this framing. 
More precisely, we may associate a framing to the special form corresponding to 
the essential twisted surface and thereby understand the boundary curves of the 
twisted surface in terms of this framing. 

The standard framings defined in 0j are as follows: 




is standard for A = 
is standard for B = 
is standard for P = 
is standard for Q = 



1 -1 

1 

1 
1 1 

-1 

1 

1 1 

-1 



Note that a, 0, <f>, and ip are being used duplicitously for elements of StabQa, b]) 
and homcomorphisms of T. 

Observe that Stab([a, b}) is generated by the standard framings a and (3 together 
with the framing 

5 : x — > [a, b]x[a, b]^ 1 

induced by a Dehn twist along a simple curve parallel to dT. Since a = ip<f>, P = (f)ip, 
and 8 = <f> , Stab([a, b]) is generated by the standard framings (f> and ip. Indeed, we 
have the presentation 

Stab([a,6]) = (^Vl^ 3 = !)• 
Note that 4> 2 and ip 3 are both in the center of Stab([a,6]). Moreover, if j is the 
transition index between two framings £ and £, then 

for some framing fi. 

5.2. Exponent sums. Let wbca word on the set of letters A, say w = Y\i=i 

where Aj 6 A and e.; G 1. Define the exponent sum of the word w to be E(lj) — 
y^., Ci. Define the exponent sum of the letter A for the word oj to be E\(oj) = 
Ea i= a e >- 

Lemma 5.1. Let lo be a word for an element o/Stab[a,£>] written in the letters <j) 
and ip. Then (E^,(uj), E^^lo)) mod (2,3) is independent of the spelling of 'lo. 
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Proof. Let lu and lu' be two words in <f> and ip representing the same element of 
Stab([a, 6]). The passage between the two words occurs by the following moves: 
(i) insertion or deletion of an adjacent pair of a letter and its inverse and 
(it) application of the relation (f> 2 ip 3 = 1. 
Assume lu and lu' differ by just one of these moves. Since (i) only introduces or 
removes canceling pairs, it does not change the exponent sums at all. For (n), 
assume lu' is obtained from to by replacing (/Pip 3 with 1. Then 

{Et(u'),E^(w')) = {E^uj) - 2, E^lo) - 3) = E^lu)) - (2, 3) 

Thus 

(E4lu'),E^,(lo')) = (E4,(u),E4,(u>)) mod (2,3). 

□ 

Lemma 5.2. Let £ be a framing for Z £ SL2(Z), and let £ be a framing for 
X G SL2(Z)) conjugate to Z . Let u> be a word for C -1 ^ written in the letters <j> and 
tp. Then 

{E <k {u),E i ,(u)) = {Aj,Q) mod (2,3) 
where j is the transition index between £ md £. 

Proof. Let j be the transition index between ( and £. Thus £ _1 /i£)u _1 = <f> •* for 
some framing ^ associated to U G SL2(Z) such that Z~ 1 UXU~ 1 = I. Let ui^, ui£, 
and lo^ be words in <p and ip for £, £, and respectively. Thus we may write 

lo^w^uj- 1 = <j) A ' J . 

Since £ _1 ^/.i _1 = 4 ' 7 , the words lu^lu^lu^lu^ 1 and ^ represent the same 
element of StabQa, b]). By Lemma f5. II 

(E^-^^lu- 1 )^^- 1 ^^- 1 )) = (E^),E^)) mod (2,3) 

= (47,0) mod (2,3). 

Moreover, since E^ou^) = —E^lu^ 1 ) and i?^(w M ) = — ^(w" 1 ), we have 

(E^u^u^u^-^^E^uj^uj^uj^uj- 1 )) = (E^uj^lu^.E^lu^lu^)). 

Because lu^lu^ is a word for C" 1 ^ the conclusion of the lemma follows. □ 

Assume P J . ..B n ^A n ^ is a special form for an element X of SL 2 (Z). This 
corresponds to an essential twisted surface in the complement of an essential level 
knot in a certain once-punctured torus bundle M with characteristic class [X]. 
Consider the standard framing £ = <j) J . . .f3 n ^a n ^ corresponding to the specific 
form for X. Assume a framing £ has been chosen for M , associated to Z G SL 2 (Z). 
Thus [Z] = [X] and Z^UXIJ- 1 = L for some U E SL 2 (Z) whereas C~ VC/^ 1 = 4> ij 
where fj, is any framing for U and j G Z is the transition index. 

Proposition 5.3. Continuing with the above notation, let t^ be the curve on dM 
associated to Assume Z may be written as a word Wz in A and B so that the cor- 
responding standard framing is The boundary components ofC(J; n(k), . . . , «(2), n( 
are isotopic to t^ if and only if J — and E(Wz) = XL— i n(i). 

Remark 5.4. Here one might care to consider M as the exterior of some genus one 
fibered knot with as the meridian and the boundary of the fiber as the standard 
longitude. 
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Proof. A boundary component of G{ J; n(k), . . . , n(2), n(l)) intersects a fiber of 
M only once if and only if J = 0. The transition index between £ (the fram- 
ing corresponding to the twisted surface) and £ measures how many times the 
boundary component wraps longitudinally. Thus the boundary components of 
C(J; n(k), . . . , n(2), n(l)) are isotopic to t$ if and only if J = and the transi- 
tion index between £ and £ is zero. 

Recall that the standard framings for A and B are a = tpcj) and (3 = 4>ip respec- 
tively. We may therefore consider words in a and (3 as actually words in <f> and tp. 
It then follows that and are equal on any word written in a and (3. Indeed, 
given a word u> written in a and f3, 

where E is the exponent sum over the letters a and [3. 

Let LO£ be the standard framing for Wz written as a word in a and f3. Then 
since £ = cj) J . ..^a"' 1 ) and J = 0, let w$ be the word (3 n ^ . ..(3 n ^a n ^\ 

Thus we have £ _1 £ written as the word lu^lo^ in a and /?. Therefore 

= (Eiuj- 1 ^), Eiu)- 1 ^)) mod (2, 3). 
Since we need the transition index to be zero, we require 

(E(lo^uj s ), EiLu^ 1 ^)) = (0, 0) mod (2, 3). 
In other words, it must be that 

(E(u^u e ), E^uit)) - N ■ (2, 3) = (0, 0) 

for some N G Z. This can only happen in the case that B(u7 w^) = and N = 0. 
Therefore E(u ( ) = E(u e ). 

Since E(u!^) = E(Wz) and E(lo^) = the conclusion of the proposition 

follows. □ 

6. Algorithms 

Algorithm 6.1. Let M be a once- punctured torus bundle given by an element 
H G SL,2(Z). Let L be an essential simple closed curve on the fiber T x {0} of M 
given by the ordered pair [x,y) G Z 2 . The following steps give a procedure to list 
all essential surfaces of type C(J;n(fc), . . . ,n(l)) in M — N(L). 

Step 1. Choose a change of basis matrix W G SL/2(Z) so that W 

Step 2. Let X(N) = {W A N y 1 H{W A N ). 

Step 3. List all N such that X(N) = ( P )Zi I has 

\q{N) s(N)J 

\p(N)\ < \q(N)\ 

Step 4- For each N listed in Step 3, 

• obtain the minimal continued fraction expansions [a\,a%, . . ., ak-i] for 
p(N)/q(N) 

• find ak such that [oi, a^, ■ ■ ■ , flfc-i, afc] is a continued fraction expansion 
forr(N)/s(N). 
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// k is odd, then for either J = +1 or J = — 1, 

p J A ai B a2 . . . A ak -' 2 B ak - 1 A ak = X(N). 
If k is even, then for either J = or J = 2, 

pj B ai A a2 . . . A ak -' 2 B ak - 1 A CLk = X(N). 

Step 5. For each N in Step 3, list the expressions for X(N) obtained in Step 4 

rewriting ai as n(k — i + 1) . 
Step 6. For every expression P J . . . B n ^A n ^ listed in Step 5, there is an essential 

surface of type C(J;n(k), . . . ,n(l)) in M — N(L). 

Proof. Given a change of basis matrix W such that W[a] = [L], all other such 
matrices are of the form WA N for some integer N. Proposition 13.31 then implies 
that each expression of X(N) — (W A N H (W A N ) as a special form corresponds 
to an essential surface in M — N{L) with the type of an essential twisted surface. 
Steps 1 and 2 set up X(N), and the remaining steps compute the special forms for 



has a MCFE. This then implies that \p(N)/q(N)\ < 1 and hence \p(N)\ < \q(N)\. 
Since X(N) = A~ N (W~ l HW)A N , q(N) does not depend on N. Thus the list of 
Step 3 is a finite list. 

For each N such that p{N) / q{N) has a MCFE [a±, a^, ■ ■ ■ , ctfe-i] we may solve for 
cifc as done in Lemma T2. 71 so that [a±, . . . , ak-i, fflfc] = r(N)/s(N). Lemma \'2. 81 gives 
the associated special form for X(N). Step 4 lists these special forms for X(N). 

Step 5 collects all the special forms for X(N) for all N. Step 6 then follows from 
Proposition 13. 31 □ 

Given a framing C, for M we extend Algorithm 16.11 to describe the boundary 
curves of the essential surfaces of type C(J; n(k), . . . , n(l)) in M — N(L) in terms 
of the given framing. This may be done by a direct computation which has been 
previously described in §6.2]. Lemma 15.21 however, allows us to simplify this 
computation. 

Algorithm 6.2 f Algorithm 16. II Continued: Framing). Let £ be any given framing 
for M. For each special form P J . . . B n ^A n ^ listed in Step 5 of Alaorithm \6.1\ 
compute the coordinates of the boundary of the associated essential surface as fol- 



With respect to the framing £, the boundary components of the essential surface of 
type C(J;n(k), . . . ,n(l)) have coordinates (1, —j) , (2, 1— j), (4, 1— j), or (4,—1—j) 
if J = 0, 2, +1, or —1 respectively. 

Here the coordinates (p, q) of a curve on dM mean that, up to sign, the curve is 
homologous to p[t c ] + q[dT x {0}] £ H±(dM). 



all the X(N). 




lows: 



Step 7. Take £ to be the standard framing associated to the special form. 
Step 8. Write C" 1 ^ as a word u> in the letters 4> and 
Step 9. Find j G Z, the transition index, such that 



(£ H,^( W )) = (4j,0) mod (2,3). 
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Proof. In Step 8 we may write C -1 £ m terms of <j) and ip by using the normal form 
for the structure of Stab([a,6]) as a free product with amalgamation. In Step 9 we 
find the transition index via Lemma 15.21 |3J Tabic 1] lists the boundary curves for 
twisted surfaces in terms of their corresponding standard framings. The transition 
index tells us how many times around the boundary of the fiber (the longitude) the 
boundary of the twisted surface wraps with respect to the given framing £. □ 

7. Passing between closed surfaces and surfaces with boundary 

Let M be a 3-manifold containing knots L and K. Let 5 be an essential closed 
(orientable, connected) surface ^ 5 2 in M — N(L). Assume 5 has been chosen 
among surfaces in its isotopy class in M — N(L) so that \K n 5| is minimized. Let 
5 = 5- N(K) C M - N(K U L). Note that dS is a collection of meridional curves 
on dN{K). 

Lemma 7.1. 5 is essential in M ~ N(K U L). 

Proof. We must show that 5 is incompressible, ^-incompressible, and not 9-parallel. 

Assume 5 is compressible in M — N(K U L). Let D be a compressing disk for 
5. Since 5 is incompressible, dD must bound a disk E C 5 C M — N(L). E must 
intersect if since otherwise dD would bound the disk E in 5 contradicting that D 
is a compressing disk. Let S' = (S — N(E)) U D. Since M — N(L) is irreducible, 
5' is isotopic to 5. But then \S D K\ > \S' D K\ contradicting the minimality 
assumption. 

Assume 5 is 9-parallel. Then 5 is either a torus parallel to dN(L), a torus 
parallel to dN(K), or an annulus parallel into dN(K). If 5 is parallel to dN(L) 
then 5 = 5, and so 5 is 9-parallel in M — N(L). If 5 is parallel to dN(K), then 
5 = 5, and so 5 is compressible in M — N(L). If 5 is an annulus parallel into 
dN(K), then since dS is a collection of meridional curves, 5 = 5 2 in M — N(L). 
These all contradict our assumptions on 5. 

Assume 5 is 9-compressible, incompressible, and not 9-parallcl. Since the bound- 
ary components of M — N(K U L) are tori, 5 must be an annulus. Since dS is a 
collection of meridional curves, 5 = 5 2 in M — N{L) contrary to our assump- 
tion. □ 

In general the converse of Lemma 17.11 docs not hold true. Nevertheless, the 
characterization in Proposition 13. II generalizes for capped off twisted surfaces. 

Let J, n(l),n(2), . . . ,n(k), L and M be as usual. Let M be the manifold con- 
structed by attaching a solid torus to M so that the boundary curves of C( J; n(k), . . . , n(2), n(l)) 
are identified to meridional curves in the solid torus. Let C( J; n(k), . . . , n(2), n(l)) 
be the closed surface in M obtained by attaching disks to the boundary curves of 
C(J;n{k),...,n(2),n(l)). 

Theorem 7.2 (cf. Remark 2.5.2, The closed surface C(J;n(k), . . . ,n(2), n(l)) 
is incompressible in M — N(L) if and only if \n(i)\ > 2 for i = 2, . . . , k. 

Proof. Let K be the core of the attached solid torus so that M — N{K) = Mk = M. 
Then C(J; n(k), . . . , n(2), n(l)) - N(K) = C(J; n(k), n(2), n(l)). Let C = 
C( J; ra(fc), . . . , n(2), n(l)) and C = C(J; n(k), n(2), n(l)). Note that (7 is sepa- 
rating in M and C is separating in M. 
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If C is incompressible in Ml, then by Lemma lTTl C is essential in Mkul = Ml- 
By Proposition O \n(i)\ > 2 for i > 2. 

Now assume \n(i)\ > 2 for i > 2. By ProDOsition l3.ll C is essential in Ml- For 
contradiction, assume C is not essential in Ml- Therefore there exists a compressing 
disk for C. 

With CcM, express M as 

M = T x // a „ (1 > T x I/ pnm ...Tx If+j^nM 

where 7 = (3 if /c and J are even and 7 = a if fc and J are odd. If J = or 2, then 
each block meets C in a single disk as in Figure 4] . If J = ± 1 , then each block 
meets C in two disks which are a parallel, each of which individually appears as 
in Figure 4]. Let F be the union of the fibers along which the blocks of M are 
joined. 

Consider the family of all compressing disks for C in M—N(L) that are transverse 
to F. If this family is non-empty then there exists a member D for which (DP\K, Dtl 
F) is minimized lexicographically. Since C is essential in M — N(L), D H K 7^ 0. 

Let P = D—N(K) C M—N(L) be the punctured disk of which the one boundary 
component on C is dD and all other boundary components are on dN(K) parallel 
to dC. P is incompressible in M — N(L) due to the minimality assumption on D. 
Since DDK ^ 0, dP n dM 0. 

Claim 7.3. There cannot be any simple closed curve components of P PI F that 
bound disks in M — N(L). 

Proof. Since F is incompressible, a simple closed curve component of P (~l F must 
bound a disk in F. An innermost such curve bounds a disk Acf with interior 
disjoint from P. Chopping P along A produces two planar surfaces. Let P' be the 
one with the boundary component dD. In M — N(L), P' caps off to a compressing 
disk D' for C with dD' = dD. However \D' D K\ < \D n K\ and \D' n F| < |D n F| 
contradicting the minimality assumption on D. □ 

Fart I. J = or 2 

Let X be a block of M with <9D n X ^ 0. Cutting X along C yields two solid 
tori as shown in 0] Figure 6] . Consider one of the solid tori which has non-empty 
intersection with the interior of N(dD) n P. Observe that the boundary of this 
solid torus meets C in a disk, dM in two disks which we together label B, and F 
in a disk Fd and an annulus F a . 

Suppose that a is an arc component of P D Fd. 

Claim 7.4. Both end points of a cannot be on the same component of B n Fd. 

Proof. Assume otherwise. Thus a is an arc with both end points in dP — dD C 
dM. Among all the components of P H Fd that have both end points on the same 
component of B PI Fd, assume a' is outermost on Fd- Thus there is a disk A C Fd 
such that (9A consists of two arcs, a' and 6' where 6' C B R Fd and A n P = a' . 
Hence 6' is an arc on dM connecting two distinct components of dP on dM. 

In M, S' is just an arc on K. Thus A guides an isotopy of (D, dD) C (M — 
N(L), C) through K, reducing |Z?ni^|. This contradicts the minimality assumption. 
(Observe that if J = 2 the endpoints of a lie on components of dP that each 
intersect Fd a second time on the other component of B n Fd- The isotopy guided 
by A causes the arcs emanating from these other endpoints to connect.) □ 
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Claim 7.5. Both end points of a cannot be on the same component of C P Fd- 

Proof. Assume otherwise. Thus a is an arc with both end points in dD C C. 
Among all the components of P P Fd that have both end points on the same com- 
ponent of C (~1 Fd, assume a' is outermost on Fd. Thus there is a disk A C Fd such 
that <9A consists of two arcs, a' and 8' where 8' C C P Fd and A n P = a'. 

In M — N(L), one may chop D along A to produce two disks with boundary on 
C. Both of these disks have fewer intersections with F and no more intersections 
with K than D. Since dD is essential on C, at least one of their boundaries must 
be essential in C . But then this disk is a compressing disk for C that contradicts 
the minimality assumption on D. □ 

Claim 7.6. a cannot have one end point contained in B and the other contained 
in C . 

Proof. Assume otherwise. On P, a must connect dD with another boundary com- 
ponent of P. In light of Claims 17.41 and 17.51 we may assume a' is an arc of P P Fd 
with one end point in B and one end point in C an arc that is outermost on Fd 
among all arcs of P P Fd- Thus there is a disk A C Fd such that d A is the union 
of three consecutive arcs a' , r' C C, and 8' C B, and A fl P = a'. 8' connects a 
component of dP and dC on dM. 

As in Claim l?~4l 8' is just an arc on K in M — N(L). Thus A guides an isotopy 
of (D, dD) C (M — N(L), C) through K, reducing \D P K\. This contradicts the 
minimality assumption. □ 

Claim 7.7. a cannot connect both components of C Pi Fd 

Proof. Assume otherwise. Due to Claims TTM 17.51 and 17.61 P fl Fd consists solely of 
a parallel family of arcs connecting the two arcs of C f) Fd. Then PC\Fd is disjoint 
from B. Since C is separating, this implies that dP Pi dM = 0. Thus P = D 
contrary to assumptions. □ 

The fifth and final possible arc type for a connects the two components of BCiFd- 
We need not address this case for our purposes. 

Let X' denote the block in M that meets the block X along the component of 
F containing F a . X' splits into two solid tori as X did, and the same arguments 
of Claims O ESI O and O for X apply to X'. Joining X and X' along the 
annulus F a forms a solid torus V which meets C in an annulus that wraps around 
the solid torus \n(i)\ times for some i. 

As a consequence of Claims 17.51 17.61 and 17.71 Fd Pi dD = 0. Therefore dD is 
contained in the annulus C Pi V and is thus isotopic to the core of this annulus. 

Consider the component Q of PPV that contains dD. Since P is incompressible 
in M — N(L), then Q must be incompressible in V — N{L). Since all components 
of dQ are parallel on dV, Q is either a meridional disk of V or a boundary parallel 
annulus. If Q is a meridional disk then Q = P = D contrary to assumptions. Thus 
Q is a boundary parallel annulus. 

One boundary component of Q, dD, is contained in C P V and the other is 
composed of two arcs on dM P V and two arcs on F PI V. There is a boundary 
compressing disk A for Q in V whose boundary is composed of a transverse arc a 
in Q, an arc in C and an arc in dM. 
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This arc a is like the arc in Claim lTHl Similarly A guides an isotopy of (D, dD) C 
(M — N(L), C) through K that reduces \D n K\. This contradicts the minimality 
assumption. 

Part II. J = ±1 

Again, let X be a block of M K with dD C\ X ^ $. Cutting X along C yields 
two solid tori as shown in Figure 6] as well as one product disk (= D 2 x I) that 
gives the parallelism between the two disk components of X n C. 

The arguments of Part I apply to these solid torus components. Therefore we 
only need consider the case that the product disk has non-empty intersection with 
dD. The boundary of the product disk meets C in two disks (= D 2 x dl), dM in 
four disks (labelled B), and F in four disks. 

Each disk component of the intersection of the product disk with F is a rectangle 
with two edges on C and two edges on B. Let Fd be one of these components which 
has non-empty intersection with dD. Claims I7T31 17.51 171)1 and 17.71 all then apply to 
the arcs of P fl Fd. Therefore Fd fl dD = 0. Thus dD must be contained in this 
product disk. But this cannot occur as then dD would be contained in a disk of C 
and hence bound a disk in C. □ 

Remark 7.8. Theorem \ 7. S\ does not address whether an essential genus one twisted 
surface C C M — N(L) might cap off to a torus C C M — N(L) that is parallel to 
dN(L). 

8. Complements of essential surfaces 

Let K be a genus one fibered knot in a closed 3-manifold M. Let M = M—N{K) 
be the corresponding once-punctured torus bundle, and let L be an essential level 
curve. 

We say that a surface S in M—N(L) has the same type as C( J; n(k), . . . , n(2), n(l)) 
if it is isotopic to C(J; n(k), n(2), n(l)) in M - N(L). 

Lemma 8.1. A closed surface of type C(0; n(k), . . . , n(l)) is incompressible in 
M — N(L) but compressible in M if and only if \n(i)\ > 2 for i > 2 and \n(l)\ < 1. 

Proof. A surface S of type C(0; n(k), . . . , n(l)) in M—N(L) corresponds to a surface 
S of type C(0; n(k), . . . , ra(l)) in M - N(L). By Proposition O and Theorem 17^1 
S is essential and 5 is incompressible if and only if \n(i)\ > 2 for i > 2. 

By Proposition 2.5.1 and Remark 2.5.2], S is essential and S is incompressible 
if and only if also |n(l)| > 2. 

Thus S is compressible in M and not M — N(L) if and only if |n(l)| < 1 
instead. □ 

Remark 8.2. If M = S 3 , then since every closed surface must be compressible, a 
surface of type C(0;n(k), . . . ,n(2),n(l)) that is incompressible in the complement 
of a level knot on the fiber of a trefoil or figure eight knot must have \n(l)\ < 1 by 
the above lemma. 

Proposition 8.3. Let K, L, and M be as above. Let S be a closed essential 
surface in M — N(L). If S is of type C(0; n(k), . . . , n(2), n(l)), then there exists an 
embedded annulus from S to a curve on dN(L) of slope — l/n(l). In particular if 
n(l) = ±1, this slope is longitudinal; and if n(l) = 0, this slope is meridional. 
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Figure 7. Longitudinal annulus in C(0; n(k), . . . , n(2), +1). 



• // |w(l)| > 2, £/ien S is incompressible in M . 

• If n(l) = ±1, i/ien 5 bounds a handlebody in M. 

• If n(l) = 0, then S does not bound a handlebody in M. 

Remark 8.4. The slope of the boundary component of the annulus on dN(L) is 
taken with respect to the standard meridian and the longitude induced from the 
once-punctured torus fiber. 

Proof. The annuli for n(l) = 1 and n(l) = are shown in Figures \7\ and [8] where 
the twisted saddles C a ,+i and C a ,o respectively are stacked upon their predecessors. 
Their slopes on dN(L) can be seen to be —1/1 and 1/0 respectively. Similarly the 
annuli for general n(l) and their slopes of — l/n(l) on dN(L) are obtained. 

By H Remark 2.5.2], (5(0; n(k), . . . , n(2), n(l)) is incompressible in M if |n(l)| > 
2. That C(0; n(k), n(2), ±1) bounds a handlebody in M whereas C(0; n(k), . . . , n(2), ±1) 
does not is, however, harder to see. 

Case 1. If the incompressible surface C(0; n(k), . . . , n(2), n(l)) in M — N(L) 
were to bound a handlebody in M, then L must be contained in the handlebody. 
Therefore we will focus on the component containing L. 

Consider the essential surface C = C(0; n(k), . . . , n(2), ±1) with meridional 
boundary in M — N(L) and the corresponding surface C = (7(0; n(k), . . . , n(2), ±1) 
in M — iV(L) that is disjoint from L but intersects K four times. Filling the bound- 
ary component of M — N(L) corresponding to L trivially (or "forgetting" L) makes 
C boundary compressible in M C M. After the first two boundary compressions 
indicated in Figure the boundary of the resulting surface has two components 
that bound disks on dM. Capping off these two boundary components with disks 
yields a closed surface disjoint from K, see Figure ITUl Indeed, this surface is iso- 
topic in M to C. The two compressing disks guide isotopies of C through K (and 
L). Viewed in the blocks of 

M = Tx I/ a ±iT x I/ 0n(2) ...Tx I/gnM , 
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(a) One d-compressing disk. (b) Both 9-compressing disks. 




(c) After two 9-compressions. (d) After an isotopy 

FIGURE 9. Boundary compressions of C(0; n(k), . . . , n(2), ±1). 
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Figure 10. Adding sides to the first and last block. 



(a) (b) 
Figure 11. Adding sides to twisted saddles. 



this effectively adds to each of the middle k — 2 twisted saddles two vertical disks 
each parallel into dT x /; one with vertical edges da + x / and the other with 
vertical edges <9a„ x I. See Figures ITT1 (a) and (b). After this isotopy of the surface 
through K, we can see it bounding a handlebody as it sits in M. Now that the 
twisted saddles have sides, there is a compressing disk on the fiber joining the top 
of even blocks to the bottom of odd blocks, i.e. the fiber T x {1} of the ith block 
for 2 < i < k — 2 even. This compressing disk is visible in T x {1} of Figure HP (a) 
and in T x {0} of Figure E] (b). 

Compressing the surface along these \k — 1 disks separates the surface into ^k 
tori. There is one torus in each pair of an odd numbered block with its successive 
even numbered block. These tori bound solid tori. Undoing the \k— 1 compressions 
by attaching 1-handles to these solid tori and reversing the isotopies, we conclude 
that C = C(0; n(k), . . . , n(2), ±1) bounds a handlebody. 

Case 2. Consider the surface C = C(0; n(k), . . . , n(2), 0) C M and the corre- 
sponding surface C = C(0; n(k), . . . , n(2), 0) c M in the complement of L. Let H 
be the SL,2(Z) monodromy of the punctured torus bundle M. Thus H is conjugate 
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to flnWyft*- 1 ) . . . A n ^B n ^A°. Therefore 

[H] = [S n ( fc )^4 n C fc_1 ) . . . ^4"(3)^"(2)^0j 

_ j^n(fc-l) ^"(3)^n(2)^0^n(fc)j 

_ r^n(fc-l) _ _ _ ^n(3)^n(2)+n(fc)j 

= [P _1 J 4"( fc_1 ) . . . yl' l (3) ^™(2)+"(fc)pj 

= [P _1 PiJ n ( fe_1 ) £>™(3)^«(2)+n(fc)] 

_ rgn(fc-l) _ _ _ g"(3)^n(2)+n(t)j^ 

Since \n(i)\ > 2 for i = 3, . . . , k — 1 and the exponent sum is no different, by 

Propositions 13.11 and 15.31 this corresponds to another essential surface C(0; n(k — 

1), . . . , n(3), n(2) + n(k)) with meridional boundary in M in the complement of 

another level knot L'. This surface C(0; n(k — 1), ... , n(3), n(2) + n(k)) is obtained 

by compressing along the "obvious" compressing disk D for C(0; n(k), . . . , n(2), 0) 

forgetting L. Note that L' must be contained in the component of M—N(C(0; n(k— 

1), . . . , n(3), n(2)+n(k))) that does not come from the component of M— N(C(0; n(k), . . . , n(2), 0)) 

that contained L. 

By Theorem 17.21 (7(0; n(k — 1), ... , n(3), n(2) + n(k)) is incompressible in M — 
N(L). Also note that by Lemma IO n{2) + n(k) = ±1 or if C(0;n(k - 
1), . . . , n(3), n(2) + n{k)) is compressible in M. 

Assume C(0; n(k), . . . , n(2), 0) bounds a handlebody V to the side containing L 
in M. The other side must be incompressible. Note that C(0; n(k), . . . , n(2), 0) ^ 
5 2 since is a properly embedded separating disk that L intersects once. The 
compression along D yielding C(0;n(k — 1), . . . , n(3),n(2) + n(k)) compresses V 
along a nonseparating curve to yield another handlebody V C V which does not 
contain the new level knot L' . This contradicts that C(0; n(k — 1), ... , n(3), n{2) + 
n{k)) is essential in M- N(L') unless d(0;n(k - 1), . . . ,n(3), n(2) + n(k)) ^ S 2 . 

But if this resulting surface is S 2 , then V' = Z? 3 and 1^ is a solid torus. Thus 
C(0; n(k), . . . , n(2), 0) is parallel to dN(L) and is not essential. □ 

Indeed if M = S 3 , as one may check, there are no special forms B" ^ A n W or 
B n'(4,) A n'(3) B n'(2) A n'(i) where | n /^| > 2 for i > 2 and |n'(l)| < 1 that represent 

the monodromy of a genus one fibered knot. 



9. The algorithm for Berge knots 

In preparation for the proof of Theorem 111). II we streamline Algorithms 16. II and 
Algorithm l6.2l for the Berge knots that lie on the fiber of a trefoil or the figure eight 
knot. 

Let K be the left handed trefoil, right handed trefoil, or figure eight knot. Then 
S 3 — N(K) = T x I/ n where r\ is or 1 o /3 _1 , (3 o a, or ao^ 1 respectively. Let 
H G SL2(Z) be the matrix associated to r\ so that H is A~ 1 B~ 1 , BA, or AB~ Y 
respectively. The corresponding standard meridional framing is rj. 

Algorithm 9.1. Let K and rj be as above. Let L £ K,^ be given by the slope x/y 
with, say, y > 0. The following steps give a procedure to list all closed connected 
essential surfaces in S 3 — N(L). 
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5<ep Choose a change of basis matrix W G SL2(Z) so t/iai W 
Step 2. Let X(N) = (WA N )" 1 H(WA N ). 

Step 3. List all N such that X(N) = ) where \p(N)\ < \q(N)\. 



K q(N) S (N) / 
Step 4- For each N listed in Step 3, 

• obtain the MCFEs [ax, 02, . . . , dfc-i] forp(N)/q(N) such that k is even, 
and 

• find ak such that [ax, 02, . . . , afc_i, a&] is a continued fraction expansion 
forr(N)/s(N). 

Step 5. For each N of Step 3 and for each minimal continued fraction expansion 
[ffll, 02, . . . , Ofc-i, flfc] obtained in Step 4, list those such that 



a l= E(H). 



Step 6. For each continued fraction [01, 02, • . . , <Zfc— 1, fflfc] listed in Step 5 there is a 
closed essential surface of type C(0; ax, a2, . . . , Ofc-i, ajt) m S* 3 — N(L). 

Proof. Assume 5 is a closed essential surface in S£. Isotop S to intersect AT mini- 
mally. Let S = S — N(K). By Lemma IV. II S is essential in Sf CuL . 

Since S has meridional boundary on dN(K), dS is transverse to the induced 
fibration on dN(K). From this and that rj (for each of the three choices) does not 
fix the isotopy class of any essential curve on T, Theorem l4 . 31 implies S is isotopic to 
a surface of type G(J; n(k), ■ ■ ■ , n(l)). Since S is essential, Proposition 13 . II implies 
that \n(i)\ > 2 for i = 2, . . . , k. Since the components of dS are meridional curves, 
J = and = E(H) by Proposition IO 

Therefore, to every closed essential surface in there is a surface of type 
C(0;n(fe),...,n(l)) in S^ uL such that Yh=x n W = E ( H )- Algorithm IO lists 
all surfaces of type C( J; n(k), . . . , n(l)) that are essential in S^ UL . The meridional 
conditions J = and X)i=i = E(H) are then simple to check. 

We now explain the shortcuts beginning at Step 4 where the algorithm first 
diverges from Algorithm 16. II 

Since S must have the type of an essential twisted surface with meridional bound- 
ary components, J = 0. Hence in Step 4 we take the continued fraction expansions 
[ax, 02, . . . , fl/t-i] where k is even. 

At the end of Step 4, we may conclude that X(N) = P J B ai . . . B 11 "- 1 A a " 
where J = or J = 2. If J = 2, this special form has standard framing 
£ = <fi 2 p ai . . .j3 ak - 1 a Cik and since X(N) is conjugate to H which has framing n, 
Lemma T5.2I states that 

(E^r,- 1 ), ^(dT 1 )) = (4.7, 0) mod (2, 3). 

But since Step 5 requires Y a % — E(H), 

Efirj) = Effc) - 2 and E^rj) = £^(£). 

Thus 

(E^- 1 ), E^rj- 1 )) = (-2, 0) mod (2, 3), 
and we get a contradiction. Therefore J = 0. 

As in Step 5 of Algorithmic having a special form B ai . . . B ak - 1 A CLk for X(N) 
implies the existence of an essential surface of type C(0; ax, ■ ■ ■ , afc). The conditions 
of the current Step 5 imply that the boundary of this surface is meridional. 
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As stated in Step 6, the surface then caps off to a closed surface C(0; 01, . . . , a k ) 
under the meridional filling of the boundary component of S^ uL corresponding to 
K. By Theorem 17.21 this surface is essential. □ 



9.1. Examples. Let K be the left handed trefoil. Let ?/ = a -1 o [3~ 1 and H = 
A~ 1 B~ 1 . Here we give some examples of the application of Algorithm 19. ll to knots 
in Krf = IC a -i p-i, the knots on the fiber of the left handed trefoil. 

Example 9.2. Let L 6 /C, ; be a knot with slope "t such that z is an integer > 3. 
We apply Alaorithm \9.1\ 

'l + 2z -z 
4z l-2z 
Step 2. X(N) = {WA N )~ 1 H{WA N ). 



Step 1. Choose W 



X(N) 



3z - 6z 2 + (1 + 12z 2 )N 1 - 3z + 3z 2 - (1 - 62 + 12z 2 )N + (1 + 12z 2 )N 2 
-(l + 12z 2 ) 1 - 3z + 6z 2 - (1 + 12z 2 )N 



Step 3. q(N) = -(1 + 12z 2 ) and p(N) = Zz - 6z 2 + (1 + 12z 2 )iV. Therefore 

\p(N)\ < \q(N)\ ifN = 0orN = -l. 
Step 4- Recall that we are assuming z > 3. 

(N = 0.) p(0)/q(0) = has SCFE [2, 1 - z, 2, -1, z - 1, -2] . We have the 

following MCFEs and determine their corresponding ak: 

• [2,-z,-2,-2,z,2],a k = +l 

. [2, -z, -2, -3, -2,..., -2, -3], a k =0 

" v ' 

z-2 

• [2,l-z,3,2,-2], a k = 

• [2,l-z,3,z+l,2], a k = +1 

• [3, 2,..., 2, 3, -2,..., -2, -3], a fc = 

z-2 z-1 

• [3, 2,..., 2, 4, 2, -2], a k = 

z-2 

• [3, 2,..., 2, 4, 2 + 1,2], a fe = +1 




(N = -l.) P (_l)/g(_l) = -^-r fta 5 SCFi? [-1,1,1-2,2,-1,2-1,-2]. 

FFe /lave i/ie following MCFEs and determine their corresponding a k : 

-1 



• 


[-2, 


-z-1, 


-2, -3, -2,..., -2, -3], a fc 








z-2 


• 


[-2, 


-z-1, 


-2,-2,2,2], a k = 


• 


[-2, 


-z-1, 


-2,-2,2-1,-2], a fc = -1 


• 


[-2, 


-2,2,- 


2, . ■ ■ , —2, -3] , a fc = -1 








z-1 


• 


[-2, 


—2, 3, 2 


+ 1,2], a fc = 


• 


[-2, 


— z, 3, 2, 


-2], a k = -1 



A^ote i/ia< some of these MCFEs have k odd. 
Step 5. Since E(H) = E(A^ 1 B^ 1 ) = —2, we obtain just one list {ai, . . . , afc— 1, a k } 
such that k is even and Yli=i a i = — 2: 

{-2,-z,3,z,-2,-l} 
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Step 6. The knot L given by (1 + 2z, 4z) for z > 3 contains the closed essential 
surface C(0; — 2, — z, 3, z, — 2, — 1) in its complement. Furthermore, this is 
the only one. 

Remark 9.3. One can actually show that a knot in tC v with slope ^ for \z\ > 2 
has the surface C(0; —2, —z, 3, 2, —2, —1) as t/ie oreZy closed essential surface in its 
complement, but the restriction z > 3 eliminates special cases that would arise 
otherwise. Moreover, one can show that if a knot in /C r) has a closed essential 
genus 2 surface in its complement, then it is one of these knots. A similar result is 
also true for the knots on the fiber of the figure eight knot. 

Example 9.4. By doing the reverse of the compression in Case 2, Provosition \8 '.51 

we can construct many more knots with close essential surfaces in their comple- 
ments. We use the above example as a model for the general construction. In 
Examvle \9.2\ we obtained the closed essential surface C(0; — 2, — z, 3, z, — 2, — 1) in 
the complement of the knot z G JC V . Thus 

(A- N W' 1 )A' 1 B' 1 (WA N ) = B~ 2 A- Z B 3 A Z B~ 2 A- 1 

= B~ 2 A~ z B 3 A z B~ 2 A~ ~ 1 B° A~ z ' 

a~ z ' \a~ n w- 1 )a- 1 b- 1 (wa n )a z ' = a- z 'b- 2 a- z b 3 a z b- 2 a z '- 1 b° 

P' 1 A~ Z '{A- N W' 1 )A- 1 B- 1 (WA N )A Z 'P = P' 1 A~ z ' B~ 2 A~ z B 3 A z B~ 2 A z ' ~ x B° P 
(P- 1 A' Z 'A~ N W' 1 )A- 1 B- 1 (WA N A Z 'P) = B~ z ' ' A~ 2 B~ z A 3 B z A' 2 B z ' _1 A . 

I 1 ~ Z J and N = 0, 



WA N A Z P 



-z-z'-2zz' -l-2z 
1 - 2z - Azz' -Az 



Hence if\z'\ > 2 and \z' — 1| > 2 (and \z\ >2), the knot J^t+Tz'z' E has in its 
complement the closed essential surface C(0; — z', —2, — z, 3, z, —2, z' — 1, 0) of genus 
3. 

This process may be repeated to construct knots in K, v whose complements contain 
a closed essential surface of genus g for any g > 2. Where we had replaced A^ 1 
with A z ~ 1 B°A~ Z , one would now replace A with A z B°A~ Z . 

Remark 9.5. Every surface constructed in this manner has n(l) = 0. There are 
closed essential surfaces of every genus greater than 2 in the complements of knots 
in ICrf, however, that do not arise this way. 

Example 9.6. As we shall see in Lemma \ll.5[ there are many small knots in JC V . 
Here we give an example of the algorithm applied to a simple knot ( which is not a 
torus knot) to show it is small. 

Z v be the knot — § £ ,^, r 

'-3 1 
-1, 

Step 2. X(N) = (WA N )- 1 H{WA N ). 

-7-19N 3 + 15 AT + 19N 2S 
-19 8 + 19iV 



Let L € /C ?) be the knot — § G K., r We apply Algorithm \9. 11 
Step 1. Choose W = 



X(N) 
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Step 3. q(N) = -19 and p(N) = -7 - 197V. Therefore \p(N)\ < \q(N)\ if N = 
or N = -1. 

Step 4. 

(N = 0.) p(0)/g(0) = ^ has SCFE [2, -1, 2, -2] and two MCF£s of odd length: 
[3,4,2] and [3,3,-2]. 
For [3,4,2]; 

[3, 4] = (r(0) + p(0)a4)/(s(0) + g(0)a 4 ) 
4 _ 3-7a 4 
^ 13 ~ 8 - 19a 4 
=> a 4 = 1 

for [3, 3, -2] 

[3, 3] = (r(0) + p(0)a 4 )/(s(0) + 5(0)04) 
3 3 — 7a 4 



8 8 - 19a 4 
=4> a 4 = 

(iV = -1.) p(-l)/g(-l) = -i| ftos [-1,1,-1,2,-2] and no MCF£ of odd 

length. 

Step 5. We have two lists: 

{3,4,2,1} and {3,3,-2,0}. 

Their sums are 10 and 4 respectively. Neither equals E(H) = —2. 
S^ep (?. Since we have no lists satisfying all the criteria, there are no closed essential 
surfaces in the complement of L. 



10. THE GENERAL EQUATION 

We apply Algorithm ^, ll to the knots L G K n in general. Throughout this section 
when N = ±1, the symbol ± agrees with the sign of N. 

Let [b] = [bi, 62, . . . , bk] be the SCFE for the slope | of the knot L. Recall that 
only bi may be and consecutive coefficients do not have the same sign. We also 
assume ^ ^ 0, ±1, or i since these slopes all correspond to the unknot. 

Theorem 10.1. For L as above, every closed essential surface in its complement 
corresponds to a solution of one of the following equations: 

(1) Ifh^Oorl, 








if lei 

otherwise 



where I and J are subsets 0/ {1, ...,k} each not containing consecutive 
integers and 1 / R J. 
Furthermore: 

• Ifh = ±lforl > 2, then {1-1,1, l+l}nl ^ and {1—1,1, 1+1}(~}J ^ 0. 

• Ifbi = -1, then either 1 G I or {1, 2} l~l J ^ 0. 

• // 61 = 2, then either 1 G J or {1, 2} H i" ^ 0. 
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(2) Ifh = and 6 2 + -I, 

'o i/2e J 



— 1 otherwise 



is/ jeJ 

where I and J are subsets of {2, . . . , A:} eac/i not containing consecutive 
integers and 2 ^ I (~\ J. 
Furthermore: 

• Ifk = ±lforl>3, then {l-l,l,l+l}nI^Q and {l-l,l,l+l}nJ^$. 

• Ifb 2 = -2 then either 2el or {2, 3} n J ^ 0. 

• Ifb 2 = l then either 2 E J or {2, 3} n / ^ 0. 

(3) lfh = and b 2 = -1, 

= > -6i + > bj + { 

r — ' —1 otherwise 

where I and J are subsets of {3, . . . , k} each not containing consecutive 
integers and 3 ^ I D J. 
Furthermore: 

• Ifbi = ±lforl > 4, then {1-1,1, l+l}nl ^ and {1—1,1, l+l}(~)J ^ 0. 

• Ifb 3 = l then either 3 £ J or {3, 4} n / ^ 0. 

(4) 1/61 = 1, 

= > -hi + > bj + { 

— ' —1 otherwise 

where I and J are subsets of {2, . . . , k} each not containing consecutive 
integers and 2 $ I n J . 
Furthermore: 

• Ifh = ±lforl > 3, then {1-1,1, l+l}nl ^ ond{/-l, /, Z+l}nJ ^ 0. 

• # 62 = -1 then either 2e I or {2,3} n J ^ 0. 

Remark 10.2. J/ [6] is a MCFE as well as a SCFE with h ^ 2 then Cases (2), 
(3), and (4) and the extra conditions on the sets I and J in Case (1) are not needed. 

Proof. Set W = ( * * ^ G SL 2 (Z) where 

X 

- = [61,62, • ■ • , 6 fc ] and 

y 

- = [61,62, . . . A_i]. 

u 

By Lemma F2.6I T4 7 may then be written as 

±B bl A b2 ... B bk or ± BABA bl B b2 . . . B bk 

depending on the parity of k. 
Let 

N\-i A-ln-lrtxr aN^ _ ( P(N) q(N) \ aN 



X(N) = (WA»)^A^B-i(WA«) = ^ ^ j A 

for N G Z. Then X(N) may be written as either 

(±A~ N B~ bk ...A- b2 B- bl )A- 1 B- 1 (±B bl A b2 ...B bk A N ) 
= A- N B~ bk . . . A~ b2 B- bl A- 1 B bl - 1 A b2 . . . B bk A N 
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or 

(±A- N B- bk . . . B- b2 A- bl B- 1 A- 1 B- 1 )A- 1 B- 1 {±B 1 A 1 B 1 A bl B b2 . . . B bk A N ) 

= A- N B- bk . . . B~ b2 A~ bl B- 1 A 131 - 1 B b2 . . . B bk A N 

depending on the parity of k. In either case, note that 

p(N)/q(N) = [0, -N, -b k , -6 2 , -6i,-l, 61 - 1, 62, ... , b k }. 

Define [x(N)} = [0, -N, -b k , . . . , -b 2 , ~h, -1, h - 1, b 2 , . . . , b k ]. 

According to AlgorithmlOfor every MCFE [x m ] = [01, a 2 , ■ ■ ■ , a{\ otp(N)/q(N) 
of odd length such that N' = —2 — a(x m ) and \a\, a 2i . . . , ai, N'] is a continued 
fraction expansion for r(N) / s(N) for some N there is a closed essential surface in 
the complement of L. Since every MCFE of a rational number is derived from its 
SCFE, we need to obtain the SCFE [x s (N)\ for p(N)/q(N). We determine the 
SCFE in HIP. II and the MCFEs corresponding to essential surfaces in i )10.2l 

10.1. The SCFE for p(N)/q(N). Recall that if p(N)/q(N) is to have a MCFE 
then its absolute value must be less than 1. Since p(N)/q(N) = [x(N)], 

p(N)/q(N) = l — = N + [b>] 

°~ -N-[b'} 
where [b'} = [-b k , . ■ ■ , -b 2 , -h, -1, 61 - 1, b 2 , . . . , b k ]. 
Lemma 10.3. |[6']| < 1 and sgn([6']) = sgn(-6 fe ). 

Proof. We exhibit the SCFE for [b'}. The first coefficient will be nonzero and hence 
imply the conclusion of the lemma. 
By move (CF1), 

[b']^[b[] = [-b k ,...,-b 2 ,-b 1 + l,b l ,b 2 ,---M- 

def 

This is a SCFE unless 61 = or 1. 
Case 61 = 0. By move (CF1) 

[&i] = [-&*,..., -&a, 1,0,6a,. ■■,&*] 

^ [-bk, • • ■ , -63, -6 2 , 62 + 1, 63, ... , b k ] = [b' 2 ] 

dcf 

which is a SCFE unless 62 = — 1 or 0. Since [b] is a SCFE, 62 cannot be 0. 
Furthermore k > 1 since [b] ^ 0. 
If 6 2 = -1 then by move (CF1) 

[b 2 ] = [-b k ,...,-b 3 ,l,0,h,...,b k ] 

1-* [-bk, -64, -63, 63 + 1, 64, ... , bk] = [63] 

dcf 

which is a SCFE unless 63 = —1 or 0. Since [6] is a SCFE and 62 = — 1 neither 
of these two situations can occur. Furthermore if k = 2 then [b] = [0,-1] = 1 
contrary to our assumption on 2 . 
Case 61 = 1. By move (CF1) 

[b[] = [-b k ,...,-b 2 ,0,l,b 2 ,...,b k ] 

[~b k , -63, -6 2 + 1, 6 2 , 63, ■ ■ ■ , h] = [b' 4 ] 
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which is a SCFE unless b% = or 1. Since [6] is a SCFE and bi = 1 neither of 
these two situations can occur. Furthermore if A: = 1 then [6] = 1 contrary to our 
assumption on ^. 

Each [&■], for i = 1,2,3,4, has nonzero leading coefficient. One of these is the 
SCFE for [&']. Therefore by Lemma l2~Tl |[6']| < 1 and sgn([&']) = sgn(-& fc ). □ 

Corollary 10.4. Ifp(N)/q(N) has a MCFE then either N = or N = sgn(6 fc ). 

Proof. A rational number has a MCFE only if its absolute value is less than 1 . Since 
p{N)/q(N) = [0,N,b'] =N+[b'} and by Lemma EEI \[b']\ < 1, \p(N)/q(N)\ < 1 
if and only if either N = or N = ±1 such that sgn(TV) ^ sgn([6']). However, 
sgn([6']) = sgn(-bk) = - sgn(6fc). □ 

The above corollary shows that wc really only need to consider two values of N 
in Algorithm 19. II 

We now find the SCFE [x s (N)] for p(N)/q(N). 
If N = 0, then for one of i = 1, 2, 3, or 4. 

p(0)/g(0) = [*(0)] = [0,0,6j] = M] 

is the SCFE. 

If JV = ±1, then for i = 1, 2, 3, or 4 such that [&•] is a SCFE 

p(±l)/g(±l) = [x(±l)] = [0, TT &•] = [0, Tl, — bfc, ---M 

^[±l,-b k ±l,...,b k ] = [bi) 

def 

by move (CF1). This is a SCFE unless b k = or ±1. Since [b-] is a SCFE, \b k \ > 2. 
Therefore [b"] is the SCFE. 

Notice that the move (CF1') is never used in obtaining [x s (N)] from [ic(iV)]. 
Hence their last two partial sums are equal. Furthermore, as a consequence of 
Lemma 12771 there exists an N s such that [x(N),N] = [x s (N),N s ]. By Lemma l2~2l 
N s = N' . 

There are two extra "degenerate" cases to consider for the SCFE of p(N)/q(N). 
If n = 2, i = 4 (so bi = 1), and N = 1, then 

K] = [1, -6a + 1 + 1, 62] = [1, -62 + 2, 6a] 

is a SCFE unless 62 = 0, 1, or 2. These cannot occur since b\ = 1 and [6] is a SCFE. 
If n = 1, i = 1, and iV = 1, then 

[&i] = [1, -6r + 1 + 1,6!] = [1, -&! + 2, 61] 

is a SCFE unless 61 = 0, 1, or 2. By our assumption on -, 61 ^ or 1. However, 
61 may equal 2 in which case ^ = h- This slope corresponds to the unknot. 
Therefore we obtain: 

Lemma 10.5. For N ~ or ±1, p(N)/q(N) has SCFE [x s (N)] where x s (0) = 
b[ and x s (±l) = b i for some i G {1,2,3,4}. Furthermore r(N)/s(N) has the 
continued fraction expansion [x s (N), N] . 
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10.2. MCFEs and surfaces. Given the SCFE [x s (N)} for p{N)/q(N), we deter- 
mine every MCFE [x m ] of odd length and N' such that both r(N) /s(N) = [x m , N'\ 
and a(x m ) + N' = a(x(N)) + N. 

For such an [x m ] and N', [x s (N),N] = r(N)/s(N) by Lemma ITu3l Then 

Lemma IO implies cr(x m ) - a(x(Nj) = N - N' = \ ° 

[sgn(6 fc ) 

We have four cases for the four different possibilities of the SCFE [cc s (./V~)] de- 
pending on [b]. Each case has the two subcases of N = and N = ±1. See 
Lemma 110.51 

(1) If h + 0, 1 then [a; a (0)] = [b\\ and [x s (±l)] = [6'/]. 

(2) If bi = and b 2 # -1 then [x s (0)] = [b' 2 ] and [x s (±l)] = [63 ]. 

(3) If 61 = and 6 2 = -1 then [x s (0)\ = [6 3 ] and M±l)j = [63]. 

(4) If 61 = 1 then [aj.(0)] = [b' 4 \ and [x,(±l)] = [&£]. 

Case (1). 61 #0,1 

The SCFEs for p(N)/q(N) for N = 0, ±1 are 

M0)] = [6'J = [-6fc,... I -6 2 ,-6i + l,6i,6a,...,6fc] 

and 

[a;,(±l)] = [&'/] = [±1, -ft* ± 1, ... , -6a, -61 + 1, 61, h, b k \. 
Subcase N = 0. 

Assume [a; m ] is a MCFE for p(0)/g(0). Then it is obtained from [x s (0)} = [b[] 
by applying moves (M) and (M') to nonadjacent coefficients of [fo'jj. (Cf. ^2.2.11 ) 
In particular, if ±1 is a coefficient of [b[], then (M) or (M') must be applied to it 
or an adjacent coefficient to make the all the resulting coefficients of [x m ] not ±1. 

The difference of coefficient sums between [x m ] and [6^] is 



<T{ Xm ) - o-(bi) = -3(-6i) + \ . + -3(6,) + I 8 v k> . 

J ! -- ' otherwise r"^ T otherwise 

[0 otherwise y ^0 otherwise 

where I C {1, ...,k — 1} and J C {l,...,fc} each not containing consecutive 
integers and 1 7 n J. If fc € J, then add sgn(fofc) since we need +1 if fefe > and 
— 1 if bk < 0. The indexing sets / and J correspond to the coefficients to which the 
moves (M) and (M') are applied. Observe that k I since we cannot apply (M) to 
the first coefficient of a continued fraction expansion. 

Since cr(x m ) — a(x(0)) = < ^ and 



sgn(6 



a(x s (Q)) - a{x(0)) = a(b[) - cr(x(0)) = 1 - -2 = +3, 
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then 



sgn(6 fe ) 



a(x m ) - (t(x(0)) 

a(x m ) - a(b[) + <7(6i) - a{x(N)) 

if l el 



= -3 



= -3 ( J]) -6, + 



«e/ j'eJ 



otherwise 

if 1 G I 
otherwise 



-1 



+E fe ; 
+ E^- ] 

if 1 G / \ 
otherwise / 



sgn(fe fc ) if ft G J 







otherwise 



+ 3 



+ 



sgn(fcfc) 




sgn(bfe) 




if k G J 
otherwise 

if ft G J 
otherwise 



If k G J then 


sgn(& fc ) 



-Me 




if l e I 

otherwise / 



sga(b k 



sgn(6 fc ) 
Thus if ft e J, then 



which implies we must take a(a; m ) — cr(cc(0)) 
N' = N - sgn(6 fc ) = - sgn(6 fc )- 

If ft ^ J, then similarly we must take which implies we must take a(x m ) 
<t(x(0)) = 0. Thus if ft £ J, then N' = N = 0. 

In either situation, 



and hence 




V 



if 1 G 7 
otherwise / 

if 1 e I 
otherwise. 



Subcase N = ±1. 

Assume [x m ] or [x m ] is a MCFE for p(±l)/q(±l). Then it is obtained from 
[x s (±l)] = [b'[] by applying moves (M) and (M') to nonadjacent coefficients of 
[x a (0)}. (Cf. EZH) Again, if a coefficient of [&"] is ±1, then move (M) or (M') 
must be applied to it or an adjacent coefficient. 

Then the difference of coefficient sums is 



a{x m ) - cr(b") 
= -3(±1) 



■£-3(-60 + 

iei 







if 1 6 I 

otherwise 



;o ' * 



■die I 

otherwise 



1° 



sgn(b fc ) if fc G J 
otherwise 

if fc G J 
otherwise 



where I C {1, . . . , k — 2, k} and J C {1, . . . , k} each not containing consecutive 
integers, ft G I, and 1 ^ I l~l J. Note that we must apply move (M) to the second 
coefficient — bk ± 1 in [6"] to account for the leading coefficient of ±1, hence k G I. 
Also if k G J, then we take sgn(&fc) since we need +1 if bk > and — 1 if bk < 0. As 
noted in the previous case, the indexing sets I and J correspond to the coefficients 
to which the moves (M) and (M') are applied. 
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and 





^sgn(6 fc ) 

a(x s (±l)) - <t(x(±1)) = a(b'() - a(x(±l)) 

= (±2 + 1) - (Tl + -2) = ±3 + 3 

= a(x m ) — <r(a:(±l)) 

-- a(x m ) - <r{b'{) + <r(b'{) - <t(x(±1)) 



Since a(x m ) — cr(a:(±l)) 



then 


sgn(fe fe ) 



3 ±1 



3 ±1 



f-i 



If fc G J then 


sgn(& fc ) 



• 6 * + £ f 



-IE 

iei 



if l e / 

otherwise 

if 1 e 7 

otherwise 



J6J 



-sgn(6 fc ) 



if k e J 
otherwise 



±3 + 3 



-1 + 



if l e i 

otherwise / 







sgn(fcfc) if A; G J 
otherwise 

if fc e j 

otherwise. 




if l e 7 

otherwise 



sgn(6 fc ) 



which implies we must take a(x m ) — a(x(0)) = sgn(&fe). Thus if k S J, then 
N' = N — sgn(6 fe ) = ±1 - sgn(6 fc ) = since sgn(6 fc ) = iV = ±1. 

T£ k ^ J, then similarly we must take which implies we must take a(x m ) — 
a(x(0)) = 0. Thus N' = N = ±1. 

In either situation, 







and hence 




if 1 e I 
otherwise / 



if l e J 

otherwise. 



The only difference between the outcomes of these two subcases is in the indexing 
set I. If N = then 7 C {1, . . . , k— 1} containing no consecutive integers. If TV = ±1 
then 7 C {1, . . . , k — 2, fc} containing k and no consecutive integers. This may be 
reinterpreted as saying N = if k £ I and N = ±1 = sgn(6fe) if fc G 7. These two 
conditions can be consolidated by taking 7 C {1, . . . , k} containing no consecutive 
integers. Therefore a solution to the equation 



(*) 







if 1 G 7 
otherwise 



where 7 and J are subsets of {1, . . . , fc} each not containing consecutive integers and 
1 ^ 7 n J corresponds to an TV = or ±1, a continued fraction [x m ] = p(N)/q(N), 
and an N' such that both [x m ,N'} = r(N)/s(N) and a(x m )+N' = a(x(N))+N. 
The continued fraction [x m ] will be minimal only if moves (M) or (M') are applied 
to coefficients ±1 of [x s (/V)] or their neighbors. 
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A priori, such an [x m ] might not be of odd length. Recall if k $ I, then N = 
and [a; s (iV)] = [b[], and if k G I, then N = sgn(6jt) and [x s (N)] = [&"]. Hence, 
similar to the method for calculating coefficient sums, the length of [x m ] may be 
determined from 

i{x m ) - £{x s {N)) = - h\ - 2) + ^(N - 2) 
iei je.J 

if lei (-N sgn(6 fe ) if fee/ 
otherwise I otherwise 




and 

'2fc + i if fee/ 

2k if fc £ 7. 

Since k £ I implies N = sgn(6fc), — N sgn(bk) = — 1. Thus 



IM = Ed - f>.l - 2) + £(N - 2) + | o sgn(i>l) + 

Viewing this mod 2, [a; m ] has odd length if and only if 



l^y-6 ! ; + y& J + { 1 iflG/ +0 mod2. 
~ i ' otherwise 

Therefore if and only if 

O^V-^ + y^ + j iflG/ mod 2. 
~ T ' —1 otherwise 

Hence the odd length of [x m ] is implied by the solution to equation JfJ. The 
conclusion of the theorem in this case follows. 

Cases (2), (3), and (4). These last three cases follow much the same via the appro- 
priate substitutions of [. . . , — &2, — &i + 1, &i, &2, ■ ■ • ] by [. . . , —63, —62, &2 + 1, &3i • • •], 
[. . . , -64, -63, &3 + 1, &4, ■ ■ ■ ], and [. . . , -63, -6 2 + 1, b 2 , 63, ■ ■ ■ ] respectively. 

The conclusion of Theorem 1 1 (J . 1 1 then follows. □ 

Remark 10.6. If I and J are sets giving a solution to the equation of Theorem \10.1\ 

(1), then if [x m ] is the corresponding MCFE, the corresponding closed essential 
surface is C = C(0;x m , N') where 

{sgnOfe) if k Gl -J 
-sgn(6 fe ) ifkeJ-I 
otherwise. 

The genus of C may then be obtained from the length of [x m ] : 

9(C) = \{£{x m ) + 1) - 1. 

The equation for £(x m ) is in the proof above. 

Similar formulae for the genera of surfaces corresponding to solutions of the 
other three equations in Theorem \lU.l\ mau be obtained. 
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11. Applications 

For the ensuing applications we recall two results from pQ. We denned a family 
of links L(2n + l,rj) C S 3 such that any L G PC n may be obtained by surgery on 
L(2n + 1,77) for some n £ N [3 Proposition 3.1]. A continued fraction of length 
n for the slope of L confers a surgery description for L on the link L{2n + l,rj). 
Because the link L(2n + 1, rj) is hyperbolic for n > 2, ^ Theorem 4.1] shows that 
knots in K v with continued fractions of long length and large coefficients have large 
hyperbolic volume due to Thurston's Hyperbolic Dchn Surgery Theorem |l(Jj . 

First, however, let us compute an example that will be of use in Corollary II 1.41 

Example 11.1. Let L G JC n be a knot with slope [y, —z, y] where y and z are integers 
> 2. Since [y, —z,y] is a SCFE with first coefficient 7^ or 1, Theorem \10.1\ (1) 
applies. The sets I — {1} and J = {3} satisfy the hypotheses and provide a solution 
to the equation since 

= -y + y + 0. 

Thus there is a closed essential surface in the complement of L. One may check 
that this is the only one. Following Eemark \10.f>l this surface has genus y. 
Since "t = [2, — (z + 1), 2], this example generalizes Examvle \y.lA 

11.1. Genera of surfaces and volumes. 

Lemma 11.2. If L € JC V is a hyperbolic knot with vol(L) > vol(L(2n + l,rf)) > 
(2n + 1) • v, then S 3 — N(L) contains no closed essential surfaces of genus less than 
i(n-l). 

Proof. Choose n G N. Assume L G /C v has volume greater than vol(L(2n + l),r)). 
Then since volume decreases under surgery, L cannot be written as surgery on the 
link L(2n + l,?y) (cf. ^ Theorem 4.1]). Thus if L has slope | ; then any continued 
fraction expansion for ^ must have length greater than n. 

Let [6] = [61, b 2 , • . • , b k ] be the SCFE for |. Thus k > n. Construct [x s (N)] as 
in Lemma 1 10. 51 

Since [6] has length k, the length of [x s (iV)] must be at least 2k — 2, the length 

of K}. 

Since the genus of a closed essential surface is related to the length of the asso- 
ciated MCFE of p(N) I 'q(N) (cf. Remark 1 10. 6(1 . we need to see how much shorter a 
MCFE can be that the SCFE from which it is obtained. 

Recall that any MCFE may be obtained from the corresponding SCFE by the 
moves (M) and (M') on non-adjacent coefficients of the SCFE. Since length only 
decreases under these moves applied to a coefficient of ±1, each of which decreases 
the length by 1, the length of a MCFE must be at least half the length of its 
corresponding SCFE. Generically, however, the length will increase. 

Therefore the length of a MCFE for p(N)/q(N) must be at least \{2k - 2) and 
hence greater than k — 1. Since k > n, the length of a MCFE for p(N)/q(N) is 
greater than n — \. If a MCFE [x m (N)] for p(N)/q(N) of length k' corresponds to 
a twisted surface with meridional boundary, then the genus of the closed essential 
surface is l(fc' + 1) — 1. Since k' > k, the genus of a closed essential surface in the 
complement of L must be greater than i(n — 1) — 1. □ 

Lemma 11.3. There exist knots in IC V with arbitrarily many distinct closed essen- 
tial surfaces in their complements. 
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Proof. Let [6] = [61, ... , &&] be the SCFE of the slope of a knot Kq £ K. v with a 
closed essential surface in its complement such that b\ ^ or 1. By Theorem llO.il 
there are subsets Iq and Jq of {1, . . . , k} such that 



tela jeJo \ 



if 1 e I 

otherwise. 



For each integer r > 2, let [a r ] = [ak+i, ak+2, ■ ■ ■ , o-k+r] be a SCFE and a MCFE 
such that sgn(<2fc + i) = — sgn(fe^). Therefore [6, a r ] is a SCFE. Let K r be the knot 
in JCrf with the slope expressed by this continued fraction. 

Let lZ r be the collection of all subsets of {k + 2, k + 3, . . . , k + r} that do not 
contain consecutive integers. Then for every R £ TZ r , 



= 

i£l UR 



E E ^ + 1°! 

-J UR jeJoUR { 



Hi el 

otherwise. 



Hence for every R € TZ r there is a closed essential surface in the complement of K r . 

Given R, R! £ lZ r such that R C R', then the surfaces obtained by this construc- 
tion corresponding to R and R' have genera g and g' respectively such that g < g' 
(cf. Remark Il0.6fl . Therefore the surfaces are distinct. 

As r increases, so does the cardinality of 1Z r and size of maximal sets R £ lZ r . 
Therefore as r increases the number of distinct closed essential surfaces in the 
complement of K r increases. □ 

Corollary 11.4. There exists arbitrarily large volume knots in IC^ with arbitrarily 
many distinct closed essential surfaces in their complements. 

Proof. In Examplc lll.il we may freely choose positive integers y and z as large as 
we like and still obtain a knot in K.^ of slope [y, —z, y] whose complement contains 
an essential surface. 

Let y = z and [b] = [z,—z,z]. Following the above proof of Lemma 111.31 
with [a r ] = [—z,z,—z,...,±z] of length r, the knot K r (z) of slope [b,a r ] = 
\z, — z, z, —z, . . . , ±z] contains an increasing number of distinct closed essential sur- 
faces in its complement as r increases. Furthermore, for each r as z — > 00, 
vol(K r (z)) — > vol(L(2(r + 3) + 1, rj)). Hence for any real numbers V and N, there 
exist sufficiently large r and z, such that K r (z) has volume greater than V and 
more than N distinct closed essential surfaces in its complement. □ 

11.2. Small knots and volumes. 

Lemma 11.5. Let $0 > 5 be an integer. Let [b] = \b\, 62, ... , frfc] be a SCFE such 
that bi = mod $0 for i = 2, . . . , k and b\ ^ or 1 mod (f>o- Then the knot 
L £ with slope ^ = [b] is small. 

Proof. Because bi 7^ or 1, we may apply case (1) of Theorem llU.il An essential 
surface in the complement of L will correspond to a solution to 



o = E-^+E^ + {° 1 

iei jeJ { 



if 1 € 7 
otherwise 
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subject to various constraints on the sets I and J. A solution to this equation will 
hold true mod <&. By choosing bi = mod $ for i > 2, this equation becomes 

( h Hi el 

= ( bi - 1 if 1 e J mod $. 
[—1 otherwise 

This equation can only hold true if b\ = or 1 mod 5>. Having chosen b± otherwise, 
this equation and hence the original equations have no solution. Therefore there 
can be no closed essential surfaces in the complement of L. □ 

Corollary 11.6. There exists arbitrarily large volume knots in fC n with no closed 
essential surfaces in their complements. 

Proof. For each integer n > 2 choose an integer $„ >> 5 that is "sufficiently 
large" as at the end of the proof of Theorem 4.1]. Consider the sequence of 
knots K n S K, v represented by the simple continued fractions of length n 

[K] = [*« + 2, -$„, -$„, +$„, . . . , ±*„]. 

By m Theorem 4.1], vo\(K n ) — > oo as n — > oo. Thus the set of volumes {vol(AT„)} 
is unbounded. 

All the coefficients of [fc„] except the first are congruent to mod <!>„. The 
first coefficient is $„ + 2 = 2 mod <&„ and is not congruent to or 1. Since the 
coefficients of [k n ] alternate sign, it is a simple continued fraction. By Lcmma lll.5l 
the knots K n are all small. □ 

Remark 11.7. It is well known that every two-bridge knot is small and that there 
are hyperbolic two-bridge knots of arbitrarily large volume. No hyperbolic two-bridge 
knot, however, admits a lens space surgery 0. 
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